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Abstract 

The classical tensionless string theory has the spacetime conformal symmetry. We expect and 
require that the quantum tensionless string theory has it too. In the BRST quantization method, 
the theory has no spacetime conformal anomaly in two dimensions. On the other hand, in the 
light-cone gauge quantization without the mode expansion, the theory in D > 3 has the spacetime 
conformal anomaly in the traceless part of [J~ T ,1C J } in some operator order. 

In this paper, we consider a tensionless closed bosonic string in the light-cone gauge and inves¬ 
tigate the spacetime conformal anomaly in the theory with the mode expansion. The appearance 
of the spacetime conformal anomaly in the light-cone gauge is different between the case of D > 3 
and the case of D = 3 and depends on the choice of the operator order. Therefore we must con¬ 
sider dangerous commutators in the spacetime conformal symmetry of D > 3 and D = 3 in each 
operator order separately. Specifically we calculate dangerous commutators, [J~ T ,1C K ] in D > 3 
and Kr = —i\J~,Kr] and [J~ ,/C - ] in D = 3, in two types of the operator order. 
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1 Introduction 

Recently the method of dualities, such as the AdS/CFT correspondence, has been used in higher spin 
gauge theories to understand gauge theories, gravities and M theory: [DEI OSHaiS] and 0 El El EDI DU 
mmmm- Because higher spin gauge theories contain the infinite tower of higher spin fields, their 
relation with the tensionless limit of string theories have been studied [El El ESI IIM ED- However, 
the relations are not clear. One of the reasons is probably the poor understanding of the tensionless 
string theory, as well as higher spin gauge theories. [22112311241 25] Therefore the understanding of the 
tensionless string theory is very important to investigate the relation between the tensionless string 
theory and higher spin gauge theories and to consider dualities on the tensionless string theory. 
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Classical string theories have the spacetime symmetry as the global symmetry, as well as a point 
particle [32]. The tensionful string theorj0 has the Poincare symmetry and the tensionless string theory 
has the enhanced symmetry, the spacetime conformal symmetry. As is well known, the quantization 
of the tensionful string usually causes the anomaly in the Poincare symmetry, the Lorentz anomaly. 
To avoid this anomaly, the spacetime dimensions and the operator ordering constant are determined 


Such anomalies and restrictions are known also in the quantum tensionless string theory. There 
are two kinds of anomalies in the tensionless string theory, the Lorentz anomaly and the spacetime 
conformal anomaly. The Lorentz anomaly in the tensionless string theory is investigated with various 
methods. In the BRST quantization method, the absence of the critical dimension is verified in a 
operator order{33] and the same critical dimension and ordering constant as the tensionful string 
theory are verified in the normal order [34] . On the other hand, in the light-cone gauge quantization 
method, the absence of the critical dimension in some operator orders and the same critical dimension 
in the XP-normal ordeJl are verified [33] [35] as the case of the BRST quantization. 

The spacetime conformal anomaly in the tensionless string theory is also investigated with various 
methods. In the BRST quantization, the critical dimension of the conformal string theory is two [3f)Fl . 
On the other hand, in the light-cone gauge quantization, the case of two dimensions is not under 
consideratiorQ because of no stringy dynamical variable. Furthermore it is verified by the calculation 
without the mode expansion that the dangerous commutator, in the light-cone gauge of 

higher dimensions causes the anomaly in the Reference order, called R-order for shorid (37[ S5t SSJ • 
Similarly, tensionless string theories with the supersymmetry [40114TI 1421 43] and theories of a higher 
dimensional object IT. 45] are studied. 

There is only one transverse direction in three dimensional light-cone coordinate. Therefore the 
Lorentz anomaly vanishes for the string theory in the light-cone gauge of D = 3, in addition to the 
usual critical dimension, D = 26 or D = 10. Such an avoidance of the anomaly in three dimensions 
cannot be obtained with the BRST formalism. The difference between two quantization methods is 
strange and interesting. Of course, there is no necessity for the coincidence of results in two methods, 
and we just expect it. 

Recently the specialty of three dimensional light-cone gauge has gathered attention and then the mass 
spectra of some 3-dim. tensionful string theories in the light-cone gauge have been investigated in 
detail [46]. Because there is not any restriction except for D = 3 in the case of the bosonic tensionful 
string, the operator ordering constant is undetermined. Such an ambiguity is removed for a tensionful 
superstring [461 14711451 145], Similarly, the ambiguity in three dimensional theories may be removed 
by the requirement of some larger symmetry. 


In this paper, we consider a tensionless closed bosonic string in the light-cone gauge and inves¬ 
tigate whether there is the anomaly of the spacetime conformal symmetry in the theory. Because 
the appearance of the anomaly in the spacetime conformal symmetry is different between the case of 
D > 3 and the case of D = 3 and depends on the choice of the operator order, we must consider dan¬ 
gerous commutators in the spacetime conformal symmetry of D > 3 and D = 3 in each operator order 
separately. The dangerous commutators which we must calculate at least are \^T~ J ,1C K ] in D > 3 and 
KL~ = —i\J~ 1 Kr] and [J~,K~] in D = 3. 

1 “Tensionful string” means “string with tension” in this paper. 

2 In the XP-normal order, all positive modes of coordinate X and momentum P are to the right of negative ones. 

3 The natural BRST quantization of the tensionless string tells only the information of the Lorentz anomaly. Therefore 
the conformal string, which has the extra coordinates to have the manifest spacetime conformal symmetry, has been 
considered instead of the tensionless string. Of course, the action of the conformal string is classically equivalent are to 
that of the tensionless string. 

4 Or non-anomalous trivially or topological. 

5 In the R-order, all P-modes are to the right of .Y-modes. 
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The main products of our study in this paper are the avoidance of the spacetime conformal anomaly 
in one type of the operator orders, the Hermitian R-ordeiH (and the Weyl order) and the explicit cal¬ 
culation of the spacetime conformal anomaly in another type of the operator orders, the XP-normal 
order. A part of the first product is based on [50). 

The organization of this paper is below. 

In section 2 we review the classical theory of a tensionless string in the light-cone gauge. We give 
the action for the tensionless string and the classical generators of the spacetime conformal symmetry 
in the light-cone gauge. 

In section 3 the above tensionless string theory in the light-cone gauge is quantized. Then some 
candidates for the string ground state and the operator order are shown. One type of the operator 
orders is the Hermitian R-order (and the Weyl order). Another type of them is the XP-normal order. 

In section 4 we consider the structures of commutators in some examples for the operator order. 
Then we find the structures of dangerous commutators to use them in the following sections. 

In section 5 we consider dangerous commutators of the spacetime conformal symmetry in the 
Hermitian R-order. Although we need some regularization in the Hermitian R-order, we calculate 
[Jhri^-hr[ in D > 3 and 1C RR = K-hr] anf l [Jhri^hb\ in D = 3 without the explicit regular¬ 

ization to verify that the anomaly irrelevant to the choice of the regularization does not exist. The 
concrete calculation with the cut-off regularization is shown in appendix. 

In section 6 we consider dangerous commutators of the spacetime conformal symmetry in the XP- 
normal order. We calculate [Jxp,K-xp\ in D > 3 and ICxp = —i[Jxp-, and [Jxpi^xp] in D = 3 
explicitly to find the spacetime conformal anomaly in both case of dimensions. 

In section 7 we discuss other types of string, super and open to comment on the difference from 
the tensionless bosonic closed string theory in supersymmetric and open string theories respectively. 
Then we estimate whether the anomaly in commutators exists or not. Finally, we summarize this 
paper and give the outlook for future works. 

In appendix we give the following contents: the commutation relations of the spacetime symmetry 
in D > 3 and D = 3, the cut-off regularization as an explicit example and the calculation with the 
cut-off regularization of dangerous commutators in the Hermitian R-order. 

2 Tensionless String and Global Symmetry 

In this section we review the classical theory of a tensionless closed bosonic string. 

2.1 Action of tensionless string and generators of its global symmetry 

We firstly change the Nambu-Goto action to the equivalent action on the phase space and then consider 
the action of a tensionless string in the same way as thepoint-particle caseQ 
The Nambu-Goto action for a string with tension T[f| is 

S[X] = —T J dr j) ^^(xA‘X[ t ) 2 -X2(X0 2 ) , (2.1) 

where r is the time-like coordinate on the world sheet and a is the space-like coordinate with the 
period of 27r on the world sheet. Here the overdot (" ) means r-derivative and the prime ( ' ) means 

e The Hermitian R-order is defined as the Hermitian version of the R-order. It will be explained in section 3. 

7 The action of a massive point particle, S m = — m f dty/—x^x^, is equivalent to S' m = f dt [x^p^ — ^v ( p 2 + m 2 )]. 
By choosing m = 0 in S’ rn , we obtain the action of a massless point particle as S = J dt — |«p 2 ] • 

8 In our convention, T = -K. 

' ol' 
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cj-derivative. This action is classically equivalent to 

S[X,P;V,t/] = /dr/|{x^-lF[ p2 + (TX , ) 2 ]- C / x ^} , (2.2) 

where P ^ is a conjugate momentum of X^, and V and U are Lagrange multipliers. In the case of 
T / 0, we solve P /t , U and P in order to get the original action in (12.11) . 

We can choose T = 0 in (12.2}1 in the same way as the case of a point particle. 

S[X,P;V,C/] = J dr . (2.3) 

This is one of the action of a tensionless closed string. Because the tensionlessness is clear and we can 
easily solve the constraints in the light-cone gauge, we use (12.31) as the action of a tensionless string 
in this paperjfl 


The action in (12.31) has the next gauge symmetry corresponding to the world sheet diffeomorphism. 


' 5X^ = aP' 1 + /3XP 
5P, = (/?P „)' 

‘ SV = a + U'a - Uol + V'f3 - F/3' 
k SU = $ + U'P - up'. 

And the field equations of X /J , P^, V and U are 

p M - (up,y = o, 

XT - PX^' - P p/i = 0 , 


(2.4) 


(2.5) 


p2 = 0 , 
X^P^ = 0. 


( 2 . 6 ) 


The equations in (12.61) are constraint conditions. 

The action in (I2.3p has the spacetime conformal symmetry as the global symmetry. The generators 
of the spacetime conformal symmetry are shown below. 


v ' = ) 

[da 

* 2^ M ’ 

J"" = j 

f y [X^P U - X^P^] , 

V = a 

f ^P„ . 

J 

2vr 

f da 
~2n 

p 1 

X^X^P,,) - ^X 2 P^ 


P^, ,T> and XT are the generators of the translation, the Lorentz transformation, the dilatation 

and the special conformal transformation respectively. 

9 Of course, there are other equivalent actions for a tensionless string. For example, S' 7 [X, V a ] = f d 2 £ y a chX'W 6 di,X M 
where a = {0,1} [32t 1371 [39l . The world sheet diffeomorphism in this action is clear, <5X M = 7“9 a X M , 8V a = —V b db'y a + 
■y b dbV a + ^(db , y b )V a , and this action is a better representation for the covariant treatment such as the BRST quantization. 
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Under the gauge transformation in (12.411 . the generators of the translation and the Lorentz transfor¬ 
mation are invariant and the generators of the dilatation and the special conformal transformation 
are weakly invariant. Thanks to the gauge invariance of generators, we can use these generators in 
the light-cone gauge only by changing the spacetime index. 

Furthermore, from held equations, we find that generators are independent of r. Therefore all we 
consider is only the case of r = 0. 

2.2 Generators in light-cone gauge 

In this subsection we fix the gauge symmetry in (12.41) and show the representations of generators (12.71) 
in the light-cone gauge. 


2.2.1 Gauge fixing 

First we define the light-cone coordinate as 




\/2 


:x i ± x u 


p ± .- 7 = (pi ± p ° ) = 


X 1 = X 7 , 

P, = Pr , 


( 2 . 8 ) 


where / is the index of transverse directions, I = 2,... ,D — 1. And we define the Dot product in 
light-cone coordinate as V ■ U = Yld =2 V I U I . 

The light-cone gauge is 


X + = t, P_=p_(r)/ 0. 


(2.9) 


This gauge choice fixes most of the gauge freedoms such that a = 0 and j5 = (3o(t). The residual 
gauge symmetry by (3 o(t) corresponding to u-shift is fixed by u = j> = 0 and gives the only one 
constraint. 

By using held equation^] and mode expansions^ we can solve the constraints in (12.61) to obtain 
the explicit representations of X~ and P+ as follows: 


^ n 

X-(a)=x--—y / -M n {ry nff , 

where x~ is the zero mode of X~ (a) and 

P 71 — ^ ^ Pm ’ Pri—m •> (-^n) = P—n t 

m 

M n = -i ^2 ™ X m ■ Pn-m , (M n )* = M-n . 


( 2 . 10 ) 


( 2 . 11 ) 


From zero mode, Lq = 2 p~H = p ■ p + A 4 2 , we obtain the mass square operator as 


M 2 = Y J P n ■ P-n ■ ( 2 . 12 ) 

n^O 

10 Field equations of X and P solve the r-dependence of fields. From here, we assume that the r-dependence of fields 
is solved and then we consider only the case of r = 0. 

11 Mode expansions of X 1 and Pi are X 1 (a) = Y2 n X^e m<r , Xq = x 1 and Pi(cr) = J2 n •Pr.ne*™’’, Pi, o = pi- 
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In our convention of r, the motion of the center of the tensionless string is restricted by x^x p = — =/- E 
Furthermore the residual constraint which corresponds to the gauge choice, u = 0, is written as 

/ 7 

-£-X'-P = = 0 . (2.13) 

n 

L n and M m in (12.111) and ([2.131) satisfy the 2D Galilean conformal algebra (GCA)0 

[L n ,L m ] = 0 , [L n , M m } = (n - m)L n+m , [M n , M m \ = (n - m)M n+m . (2.14) 


2.2.2 Classical generators in light-cone gauge 

We give the representations for generators of the spacetime conformal symmetry in the light-cone 
gauge. 

The generators of the translation in the light-cone gauge are 


V- = p- , Vi = pi , V+=p+ = - 


Lp 

2 p_ 


(2.15) 


The generators of Lorentz transformation in the light-cone gauge are 

J +I = - X : p _ , J+~ = -X~p- , J 1J = Y. (X n P -n - X nP-n ) 

n 

J- ] = X-p 1 - — E ~ M nP-n + E X n L -n- 
n_ n 2' 

1 n^O y n 


(2.16) 


In three dimensions, J lj does not exist and we can write Lorentz generators as vector, = 

y wp ju P E 


j + = j +2 , j = -j + ~ , j- = -j-\ 


-2 


(2.17) 


where we omit the index of transverse direction. 

The generator of the dilatation in the light-cone gauge is 


V = x p- + E X n ■ P- 


(2.18) 


The generator of special conformal transformation in the light-cone gauge are 


1 


x + =--J2x n .x 


—nP— 


vl I — 

X =x x p- 


P- + * E m X rn M -m + E E 


m/0 


n m L - 


yl yJ p _ yJ yJ p^ 

^ x n yY m r J,—n—m 0 Jv m r —n— 


1 


J vJ ul 


n ^ > ~m J - —n—m 


/C =X X p- + X E X n P- n + —- E ~~2 M mM- 


1 0 


l 

P- 


-T.T. + X z E x PX- 

n m^O 1 n m 


(2.19) 


12 Each point of the tensionless string moves on the light-cone: AT(t, <t)AT(t, a) = p- (2P+(a)p- + P(c r) • P(cr)) = 0. 
13 The detail of 2D GCA is referred to [51 s 51 . 

— £-\—2 = 1. 
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( 2 . 20 ) 


In three dimensions, 1C 1 becomes simple a little. 

1C = JC I=2 = XX~ p _ + i ^ + \YY, X n X mP- 


rrt^O 


where we omit the index of transverse direction. 


In quantum theory, the representation of the generators in the spacetime conformal symmetry 
become complicated, according to the choice of the operator order. Furthermore quantum effect 
terms in YC~ can become anomalous. 


3 Operator Order and String Ground State 

In this section we consider quantize the tensionless string theory in the last section and then consider 
some candidates for the operator order and the string ground state. 


3.1 Quantization of tensionless string in light-cone gauge 

The dynamical variables of the tensionless string theory in the light-cone gauge in the last section are 
X 1 (a) and x~. and their conjugate momenta, P/(cr) and p-. The theory is quantized by the following 
commutation relations: 

[x~,p-\ = i , [X 7 (cj), Tj(cr')] = 2m5j5(a - a') , (3.1) 

and otherwise zero. For Fourier modes, the second commutation relation is written as 

[x 1 ,pj] = iSj , [X 7 ,Pj im ] = i6jS n+mt o, (3.2) 

where the next delta function for the periodic function was used: 

s ^ = -tE^- ( 3 - 3 > 

n 

3.2 Some candidates for operator order and string ground state 

The choice of the operator order is very important in the quantum theory because it determines (or 
greatly affects) the physical result of the theory. As usual tensionful string theories, the vacuum for 
the zero-mode part is the eigenstate of momenta, \pj,p-). Here, in the quantum tensionless string 
theory, we consider some candidates for the operator order of non-zero modes and the string ground 
states corresponding to them. 

In determining the operator order and the string ground state for string theory, the mass square 
operator, A4 2 , is very important kevf^l If we choose an operator order, the string ground state 
corresponding to the order must be the eigenstate corresponding to a minimum eigenvalue of M 2 in 
the order. Or, if we choose a string ground state, the operator order corresponding to the state must 
order A4 2 such that the state is the eigenstate corresponding to a minimum eigenvalue of it. 


In the case of a usual string theory with non-zero tension, T / 0, we compose the left-moving and 
right-moving modes from X-mode and P-mode, 


a (T)n ~ 1 


2 n X n + 


y /yT Pl ' n ’ — 7 


2 nXl ~ n+ V2T Pl ’- r 


(3.4) 


15 Tlie constraint condition or the constraint operator such as A/o in (l2A3ll is less important than M 2 because it is 
enough that there is at least one state which satisfy the constraint condition. 






and then consider the normal order of them. Because the mass square operator in the normal order 
is the set of the harmonic oscillator, the string ground state is annihilated by both positive modes. 

In the case of the tensionless string theory, we cannot make the combination such as a^ n or d^ T)n , 
because the tensionless string theory has no dimensionful parameter such as tension T. However 
operator orders which are different from the normal order of left- and right-mo ving modes have been 
studied [ffiJl 1 35 ), e.g. the Reference order ( R-order f^l and the “XP-normal order. ”1^1 We consider these 
two orders and others in detail below. 


R-order and similar orders 


The R-order is obtained by referring to the case of a usual tensionful string in the following way. For 
the sufficiently small T, the left- and right-moving modes in (13.41) are 


a (T)n ^ 


—P 1 a 1 , ~ 1 P 1 

1 n J ^(TJn yf 7 yf' ~ U ' 


V2T 


(3.5) 


By collecting both positive modes, we find that the natural candidates for the string ground state in 
the case of the tensionless string theory is the state annihilated by Pj, n for n / 0, |0) P : 


Pi,n\0) P = 0 for n/0. 


(3.6) 


Because the mass square operator in the tensionless string theory is written only with P-rnode as 
seen in (12.121) . one of the operator orders in which |0} P becomes the eigenstate corresponding to a 
minimum 18 ! eigenvalue of A4 2 is the R-order, in which all P-modes are to the right of X-modes. 

Of course, there are other operator orders in which |0) P becomes the eigenstate corresponding to a 
minimum eigenvalue of M 2 . For example, the Weyl order and the Hermitian R-order. In the Weyl 
order, an operator is totally symmetrized. In the Hermitian R-order, an operator O is ordered into 
the average of the R-ordered operator O r and its hermitian conjugate: O hr = \ ( O r + (0 fl )t). For 
a generator or a commutator of lower degree than 4, the Hermitian R-ordered one equals the Weyl 
ordered one. However, for a generator or a commutator of 4th degree or higher degree such as Kx 
and [J' -1 ,K.~], both ordered ones are different generally. Such differences affect the investigation of 
the anomaly in the spacetime conformal symmetry. 

A4 2 in the R-order, the Hermitian R-order and the Weyl order are the same as each other and Mq 
in these orders are also the same because of n = 0. Therefore the physical mass spectrum is 
equivalent to each other. Furthermore, because there is no difference between the R-order case, the 
Weyl order case and the Hermitian R-order case in as seen in the next section, the check 

of the Lorentz anomaly in these operator orders is done similarly. 

There is a problem in the calculation in the R-order. Because most of generators in the R-order 
are not hermitian, we have to hermitianize them. The generators of the translation which consist 
only of P-modes do not need the hermitianization, but other generators need usually. We define the 
generator in the R-order as follow: 

Q = 2 (^ R + = Gr ~ Wr + • • • j (3-7) 

where Q R , g R and • • • are R-ordered operators. For some generators in the R-order, gn and • • • contain 
divergent terms. Therefore we need some regularization. 

16 In the R-order, all P-modes are to the right of .Y-modes. 

17 In the XP-normal order, all X- and P-positive modes are to the right of negative ones. 

ls The eigenvalue of the R-ordered M 2 is positive or zero from its structure and it is clear that |0) P is the zero-mass 
eigenstate of the R-ordered M 2 . 
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As seen in appendix, the hermitian version of operators in the R-order has non-hermitian divergent 
terms and non-hermitian dropping terms. These terms break the hermitianity of operators in the 
limit of the regulator. Therefore, in this paper, we use the Hermitian R-order as the operator order 
corresponding to |0) P to calculate commutators in the spacetime svmmetrvF^I 


XP-normal order 

The mass square operator, Ai 2 , in the tensionless string theory consists only of P-rnode as seen in 
(12.121) . Because P-modes commute mutually, we can always move all positive P-modes to the right of 
negative ones without any extra term. Therefore the state annihilated by positive modes of X and P 
is the eigenstate corresponding to zero eigenvalue of Ad 2 . We represent it as |0) XP , which satisfy 

= Pi,n\0)xp = 0 for n > 0. (3-8) 

The operator order corresponding to |0) X p is the XP-normal order, in which all positive modes of X 
and P are to the right of negative ones [35] , 

Ri the XP-normal order, it is known that mass eigenstates except for the string ground state |0} X p 
have a problem in their norms@ Ri section 6, we will find that physical states are restricted to the 
string ground state in terms of the spacetime conformal anomaly. 


Other operator orders 

For other candidates of the operator order in the tensionless string theory, we may consider the orders 
in which linear-combinational modes of X and P are normally ordered in the same way as the case 
of the usual tensionful string theory. However, such operator orders have problems in the positivity 
of the mass square operator and the norm of mass eigenstates [35]. Therefore we don’t study them in 
this paper. 


3.3 Operator orders used in the following sections 

We collect the operator orders and the string ground states used in the following sections below. 


Operator Orders used in the Following Sections 


Order name 

Ordering rule 

ground state 

R-order 

all P-modes are to the right of X-modes 

o) P 

Hermitian R-order* 

the hermitian average of the R-order 

|0)p 

XP-normal order 

all positive modes of X Sz P are to the right of negatives 

|0}xp 


* : Weyl order is similar. 


4 Structure of Commutators 

Some commutators in the spacetime conformal symmetry contain terms of higher degree with respect 
to Fourier modes, X n and P n . For example, [J~ T ,X K ] contains operators of degree 4 and [J ^ 1 ,/C _ ] 

19 The calculation in the Weyl order is very similar to the case of the Hermitian R-order but more difficult. 

20 In the case of D > 3[35], the avoidance of the Lorentz anomaly requires Mo = 2. This condition means that physical 
stets must be at level 2. The mass eigenstates at level 2 are -P^IOl-vp, PLiPl i | 0 > XP and {XLtPA - XAP-i) |0) XP ■ 
Their norms are zero or negative. Other states at level 2 are (XL\Pli + X^ 1 P£ 1 )|0)xp, X£ 1 X£ 1 |0)xp and X£ 2 |0).yp, 
but they are not mass eigenstate. In the case of D = 3, the Lorentz anomaly does not exist trivially. Then the various 
level is possible. However, the discussion of the norm is similar. 
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contains operators of degree 5. Furthermore, in the (Hermitian) R-order and the Weyl order, we 
need the regularization because of divergent terms. In the XP-normal order, we will find the central 
extension terms in some commutators. Therefore the calculation of commutators in the spacetime 
conformal symmetry is very complicated. 

Before we calculate concretely (dangerous) commutators of the spacetime conformal symmetry in 
the tensionless string theory, we investigate the relation between the choice of operator orders and the 
structure of commutators. The effect of quantization in the calculation of commutators arises from 
terms which are exchanged with other operators several times to be ordered correctly. Such quantum 
effect terms, which is differences from classical results, depend on the choice of the operator order and 
are in some cases dangerous, even anomalous. 

If we know how quantum effects appear in commutators, we can determine the possible structure 
of commutators of generators to some extent to help the concrete calculation of commutators in 
the spacetime conformal symmetry. In this section, firstly, we show some examples to investigate the 
structure of quantum effect terms which arise when a hermitian operator is ordered in a given operator 
order. Then we give the possible structure of some dangerous commutators in the Hermitian R-order 
and the XP-normal order. 

4.1 Example for structure of quantum effect terms 

The generators are hermitian operators. The commutator of two hermitian operators is the imaginary 
unit i times a hermitian operator, anti-hermite. Because the hermitian-operator part is usually not 
ordered, we must order it correctly. At that time, quantum effect terms arise. 

In this subsection, by showing some examples, we consider how quantum effect terms arise at the 
time when we order a hermitian operator in a given operator order. Then we give the possible structure 
of a dangerous commutator, [J~ I ,IC K ] in D > 3j£H in the Hermitian R-order and the XP-normal 
order. Other dangerous commutator are shown in the next subsection. 

4.1.1 Example 1 : Coordinate and Momentum 

First we consider the coordinate x and the momentum p which satisfy the usual commutation relation 
[x,p\ = i as fundamental operators. We compare some hermitian combinations with Weyl ordered 
ones. ( A)w indicates Weyl ordered version of operator A. 

Cubic example 

Cubic operators of the product of two x and one p case are xxp, xpx and pxx. Hermitian combinations 
of them are xpx, \(xxp + pxx) and ( xxp)w = 5 (xxp + xpx + pxx). The first and second combinations 
cause no extra term when they are Weyl-ordered. 

xpx = -(xxp + pxx) = ( xxp)w■ (4-1) 

Operators of the product of one x and two p are discussed similarly. 

Quartic example 

Hermitian combinations of quartic operators which are the product of three x and one p are ~(xxxp + 
pxxx), \(xxpx + xpxx), ( xxxp)w = \(xxxp + xxpx + xpxx + pxxx) and so on. The first and second 

21 The commutator corresponding to it in D = 3 is \J~,K\. This is not dangerous because there is only one transverse 
direction in D = 3. This define K ,~. We will find easily the structure of KT from that of \J~ J , tC K ]. 
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combinations cause no extra term when they are Weyl-ordered: 


-(xxxp + pxxx) = -(.xxpx + xpxx) = (xxxp)w- 


(4.2) 


Operators of the product of one x and three p are discussed similarly. 

Hermitian combinations of operators which are the product of two x and two p are xppx, pxxp, 
^(xpxp + pxpx), \(xxpp + ppxx), ( xxpp)w = \(xxpp + xpxp + xppx + pxxp + pxpx + ppxx) and so 
on. They are Weyl-ordered as 


xppx = pxxp = (xxpp)iY + — 

-(xpxp + pxpx) = (xxpp)w (4-3) 

l -(xxp p + ppxx) = (xxpp) w - 1 -. 


In this case, constant quantum effect terms are possible, but quadratic ones are impossible. We find 
in the last line that there is an quantum difference between the Hermitian R-ordered operator and the 
Weyl-ordered one. Note that quantum effect terms are in the degree which is 4 degrees lower than the 
highest degree. 


Similarly, in the higher degree case, quantum effect terms can appear in terms which is 4 degrees 
lower than the highest degree. 


4.1.2 Example 2 : Creation and Annihilation Operators 

Next we consider the creation operator a t and the annihilation operator a. They are Hermitian 
conjugate with each other and satisfy the usual commutation relation, [a, cd] = 1 . Here we compare 
some Hermitian combinations with the normal-ordered ones. 


Cubic example 

The example of cubic hermitian operators is below. 

aa)a + a^aa) = a^aa + a) a) a + a + a). (4-4) 

The quantum effect terms are linear, which is 2 degrees lower than the highest degree, unlike the case 
of x and p. The reason is that a and a t are not self Hermitian conjugate and are complex combinations 
of x and p, a -H- -^(p — ix), a) -^(p + ix). 

Quartic example 

The examples of quartic operators which are the product of two a and two a) are 

a)aa) a =a) a) aa + a^a, 
aa)aa) =a^a^aa + 3 a^a + 1, 

aaci^a} =aWaa + 4a^a + 2, (4-5) 

-(aaWa + a^aaal) =a) a)aa + 2 a) a. 

Thus the possible quantum effect terms are quadratic, which is 2 degrees lower than the highest degree, 
and constant terms, which is 4 degrees lower than the highest degree. 

Similarly, in the higher degree case, there is the possibility that quantum effect terms appear in 
the degree which is 2 degrees lower than the highest degree. 
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4.1.3 Example 3 : Fourier Modes 

In this subsubsection we consider Fourier modes of coordinate and momentum for a closed string, X n 
and P n . For simplicity, we omit the index of the spacetime. X n and P n satisfy the usual commutation 
relation and the reality condition, [X n , P rn ] = id n - m and (X n )t = X_ n and (P n )t = P- n - 
We consider quartic operators of X-modes and P-modes as example. Because the “dangerous” com¬ 
mutators such as [J ~ 1 , J~ j ] and [J~ l ,/C A ] are quartic@ and the cases of the higher degree are 
similarly discussed, it is important and instructive for finding the structure of quantum effect terms 
in dangerous commutators to consider the quartic operators as examples. 

Here we concretely consider hermitian combinations of quartic operators which are the product of two 
X-modes and two P-modes such that the summation of indexes in each term is zero. We will find 
below that they can cause a constant quantum effect term as well as quadratic terms. 

First we order some Hermitian combinations in the Hermitian R-order. For example, 


XnPlX m P_ n —m—l "F Pn+m+lX— m P—lX— n 
— X n X m P/P_ n _ ?n _/ + P n _|_ m _|_;P__/A^ m X^ n 
XnPlP—n—m—l-^m "F X— mP n -\-m+lP— lX— n 
— Xn X n i Pj P— n—r n—1 “I - Pn+m+lP—lX —mX— n 

Thus quantum effect terms appear in the second degree, which is 2 degrees lower than the highest. 

If there are index-inverted partners, terms of the second degree make commutators, e.g. [X n , P_„] = *■ 
In this case, we obtain only the constant quantum effect term, which is 4 degrees lower than the highest. 

More generally, we consider the next operator which has the same structure as generators or 
commutators in the spacetime symmetry for the tensionless string theory. 

EEE fn,m,l^ n X rn PiP— n —j n —i (4.7) 

n m l 




(4.6) 


^(^n ,—l T fim,—l){X n P~n Pn-^—n) • 


where the summation symbol Y2n indicates an< ^ ^ ie coefficient has the symmetry which invert 

the sign of the Fourier mode index, f n , m j = so called “mode flipping symmetry.” Here 

we do not use other symmetries for the coefficient such as f n ,m,i = fm,n,l and fn } m,i = fn,m,-n-m-l- 
The Hermitian R-order version of (|4.7I) is 


fn ,m,l (X n X mPlP—n—m—l T Pn+m+lP— /X— m X_ n ) 

n m l 

= X ^ ^ ^ ^ y ^ fn,m,l{X n X m PiP_ n _ rn _i + P_ n _ m _^P;X m X n ). 


(4.8) 


n m l 


Next we compare other Hermitian combinations with (14.811 . If the operator order preserves the mode 
flipping symmetry, a quantum effect term in Hermitian operator of degree 4 is only constatnt. We 
explicitly show the fact below. 


4.1.4 Operator order with mode flipping symmetry 

We reorder some Hermitian combinations preserving the mode flipping symmetry in the Hermitian 
R-order and compare them with (14.811 . 

22 In the highest degree, the former contain quartic terms of the product of one X-mode and three P-modes and the 
latter contain quartic terms of the product of two X-modes and two P-modes. 

23 This symmetry corresponds to the world sheet parity symmetry. 
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v.s. Sandwich order 


For example, the Sandwich ordered- (j4.81) is reordered in the Hermitian R-order as 
^SES fn ,m,l {XnPiP- n—m—l x m + x —mPn+m+lP—lX—n) 


n m l 


= (031) - ^2 y1(/n,m,-n + fn,m,-m)(X n P- n ~ PnX- n ) 

n m 

= (|4.8P + — "y ' y ] ( fn,m,—n 4" 

n m 

The quantum effect term is constant, which in 4 degrees lower than the highest degree. 

v.s. Weyl order 

The Weyl ordered- (l4.8D is reordered in the Hermitian R-order as 


(4.9) 




nX m P]P ' 


i-* — n—m—l )W 


= ^ ^2 fn,m,l(X n X m PiP-n-m-l + (totally symmetric)) (4 iq) 

n m l 

= 03]) + ^ y ^ y y fn,m,—n + fn,m,—m ) 

n m 

and the quantum effect term is constant, which is 4 degrees lower than the highest degree. 

Thus we find that quantum differences of a hermitian operator between some two orders preserving 
the mode flipping symmetry is 4 degrees lower than the highest degree. 


Structure of [J H r,Xhr] 

From above two example, we can induce the structure of L7~ J , K k ] in operator orders preserving the 
mode flipping symmetry. For example, in the Hermitian R-order0j we find the next structure by 
seeing the quantum versions of (12.161) and (12.1911 . 


(j 

[■Xhri X-hr] = *(ordered classical part) + i5 I,K —, 


(4.11) 


where terms with M$ at the right end are included in the first part and C is constant. We need some 
regularization if the constant C diverges. The detail of the regularization is considered in appendix. 
The structure of \Jhr-, X hr \ in D = 3 is obtained similarly. 


4.1.5 Operator order without mode flipping symmetry : XP-normal order 

As an example of the operator order which breaks the mode flipping symmetry, we consider the XP- 
normal order. Here we ignore zero mode for simplicity!^ Therefore, all summation symbols are unified 
into the sum over the half range, 3 ) n >o- 

24 The possible structure of commutators in the Weyl order, which is also preserve the mode flipping symmetry, is the 
same. 

25 We assume that the summation of fOt is restricted over n ^ 0, m ^ 0,! ^ 0, n + m + I ^ 0, or that the coefficient 
fn,m,i is restricted. 
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Now we reorder (14.81) into the XP-normal order. 

We divide the summation into four regions where coefficients equal. The part of (n, m, /) = (+ + 
+), (-) with the coefficient f n ,m.l = f-n,-m-l {n > 0, m > 0,1 > 0) in (14.81) is written as 


- 2 (XnXmP,P- n—m—l + h.c.) + ^(X_ n X —mP— lP T h.C .) 
= P— n—m—l PiXmXn ^-n-^—mP—lP n+m+Z* 


(4.12) 


Note that all operators commute with each other. There is no extra term. 

The part of (n, m, l) = (+ 4 —), (-b) with the coefficient f n ,m-l — f-n-m,i (n > 0, m > 0, Z > 0) 

in (USD is written as 

2 (X n X rn P-lP-n-m+l + h.c.) + —(X- n X —mPlPn+m—l T h.C .) 

= P—lP—n—rn-\-l^-rn^-n T X— n X~ m PPi (4.13) 

i^n.l T &m,l)(X— n Pn T X— m P rn P^ n X n P^ rn X m ) (&n,l T 

The part of ( n,m,l ) = (H-1 -), (—I—) with the coefficient f n ,-m,l = f-n,m,-l (n > 0, m > 0, l > 0) 

in (|4.8I) is written as 


1 1 

2 (X n X_ m PiP_ n+rn _i + h.c.) + —(X— n X m P—iP n -m+l + h.C.) 


= I- m P- 


m r —n+m 


—iPlXn T X— n P—lPn—m-\-lXn 


(4.14) 


T 2^ r,n -,l(X—nPn T X— rn P m P. - n X n P_ m X r 


Finally we exchange n and m in (14.141) to obtain the part of (n,m,l) = (—h +), (H-) with the 

coefficient = fn-m-i (n > 0,m > 0,1 > 0) in (USD- 

We unify the above results to find that the quantum effect terms in XP-normal order are quadratic 
and constant: 


^ ^ ^ ( fn,m,—n ~h fn,m,—m fn,—m,m f—n,m,n)(.X—nPn~\~X— rn P rn P— n X n P— m X m ) 


n >0 m >0 


XX (.fn ,m,—n + fn ,r 


(4.15) 


n>0 m> 0 


K 1 
XP\ 


Structure of [J X p,K. 

Thus we can induce the structure of [J^ 1 \X K ] in the XP-normal order. The possible structure in the 
XP-normal order ard^l 


1 , Q 

[J- T P .X h ' P ] =i(ordered classical part) + 5 I,K —((A" • P)-quadratic) + i5 I)K — 

P- p- 

+ — (X I P K -quadratic) + — (X K P 7 -quadratic) , 

P- p_ 


(4.16) 


where terms with Mq at the right end are included in the first part and C is constant and the last 
part arises from the ordering of zero-mode terms. If the third or 4th part exists in the case of I ^ K, 
[Jxp XxpI has off-diagonal part and then it becomes anomalous. 

Similarly, we find the structure of [J XP ,X X p\ in D = 3. Though, because there is only one transverse 
direction in D = 3, [J XP ,X XP \ is not anomalous. 

26 Note that for simplicity the indexes of modes are omitted and quadratic parts are not written in the correct operator 
order. 
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4.2 Structure of other dangerous commutators 

Other important dangerous commutators are \J~ 1 \j~ J ] in D > 3 and in D = 3. XPPP- 

quartic operators appears in the calculation of [J ^ 1 , J~ j ] and XXPPP-quintic operators appears in 
the halfway of the calculation of [J'~,IC~]. 

From the consideration in the last two subsubsection, the structure of [J ^ 1 , J~ j \ in D > 3 and 
in the Hermitian R-ordeil^l is 


- 3hI\ = ^(ordered classical part) 


(4.17) 


where terms with Mq at the right end are included in the first part. This has the same structure as 
the next explicit calculation in the (Hermitiaii^t) R-order [35] : 

[J- 1 , J- J ] = -4 E - ( P ^ P -n - PnP-n ) . (4.18) 

P ~ njt 0 H 

Note that Mo is the ordered version of (12.131) and X P-ciuadraticF^l 

Similarly, the structure of \J~ I , J~ j ] in D > 3 and in the XP-normal order i J^l 

[•Jxpi ^xp] = ^(ordered classical part) 4—— ((P J P J — P J P J )-quadratic) (4.19) 

where terms with Mq at the right end are included in the first part. This has the same structure as 
the next explicit calculation [35] : 

1 OO 

\7~ : 7~ J \ = _ ^(p 1 P J - P J P 1 } 

XP ’ u XP J 2 / v \ — n x —n- 1 n J 

n —1 

Furthermore, the structure of [77 _ ,/C~] in D = 3 and in the Hermitian R-order is 

[^hiv ^hr] = *(ordered classical part) + iC (4-21) 


D- 2 


-4)n+ (2M 0 - 


D- 2\ 1 
6 ) n 


(4.20) 


where we included the term with Mo at the right end in the first part and C' is constant. From (I4.2ip . 
we find that there is no anomalous term of degree 3. This is calculated concretely in the next section. 
Because of the algebraic requirement, in the calculation in the next section we must use redefined Kr 
instead of Kr. 

Similarly, the structure of in D = 3 and in the XP-normal order i J^l 


\3 x :pi P xp 


1 ~ f J) 

] = ^(ordered classical part) H—^-(XPP-cubic) + iC 

pt pi 


(4.22) 


where we included the term with Mo at the right end in the first part and C' is constant. If exists, the 
second part in the r.h.s. of (14.221) becomes an anomalous part of degree 3. This is calculated directly 
in the next section. Because of the algebraic requirement, in the next section we must use redefined 

27 The possible structure of commutators in the Weyl order is the same. 

28 Because we do not need the regularization in the calculation of \J~ the calculation in the R-order gives 

the same result in the Hermitian R-order. Furthermore there is no constant quantum difference in the calculation of 
\J ~ ! , J~ J ], which contains A'PPP-quartic operators in the highest degree. Therefore the calculations in the Hermitian 
R-order and the Weyl order are identical. 

29 The ordering constant absorbs in the right hand side of the constraint: Mo « a. 

30 Note that the indexes of modes are omitted for simplicity. 

31 Note that for simplicity the indexes of modes are omitted and cubic parts are not written in the correct operator 
order. 
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/C instead of /C . 

Thus we obtain the structure of dangerous commutators, such as (14.111) . (14.161) . (14.171) . (14.191) . 
(14.211) and (14.221) . However we would not find coefficients of the quantum effect terms in dangerous 
commutators unless we calculate concretely. Therefore, in the following sections, we calculate danger¬ 
ous commutators in the spacetime conformal symmetry concretely with the help of the information 
about the structure of commutators obtained in this section. 


5 Calculation of Dangerous Commutators in Hermitian R-order 

In the Poincare symmetry, there is no difference between the cases of the pure R-order, the Hermitian 
R-order and the Weyl order. On the other hand, in the spacetime conformal symmetry, because 
commutators of higher degree exist, there are differences in the quantum effect, which appears in terms 
of lower degree than the highest. Furthermore, we need some regularization because of inevitable 
divergent terms. As seen in appendix, the R-order breaks the hermitian property in the cut-off 
regularizationF^I Therefore we consider the case of the Hermitian R-order below. 

As seen in appendix, commutators which we must calculate for the check of the spacetime conformal 
symmetry are (at least) [J~ I ,JC K ] in D > 3 and Kr = —i[J~,lC\ and \J~ ,)€_] in D = 3. Other 
commutators are calculated easily or obtained with the Jacobi identity. In this section we calculate 
these three commutators in the Hermitian R-order. The case of the Weyl order is similarly discussed. 


5.1 in£>>3 

In ES 39], the dangerous commutator [J7 -/ ,/C A ] is considered with the generic regularization and 
without Fourier expansion. Then it is verified that the anomaly can appear in the traceless part of 
[J7 -/ ,/C a ] with respect to transverse indexes as follows: 

[J- t ,K k ] + i5^ K t~ = —L \f oc — / da[X K (a)P\a) + {H.C.)\ t .i. , (5.1) 

ep- ep-J 

where e is regulator^ and H.C. is the part compensated to preserve the hermitian property. The 
concrete form of H.C. depends on the operator order. 


In the case of the Hermitian R-order, however, the possible structure of [J^ 1 ,/C A ] is (14.111) . 
Because there is no traceless part in (14.111) . we may expect that the tensionless string theory in the 
Hermitian R-order is anomaly-free. However, we need some regularization because C in (14.111) is a 
divergent constant. Then we must investigate whether the regularization we choose causes problems. 
If a nice regularization exists, the tensionless string theory in the Hermitian R-order has no spacetime 
conformal anomaly. 

To see what happens in the calculation with a regularization, we consider the regularized version 
of (14.lip firstly. The regularized version of (14.111) is 




K 
HR(e) J 


= m +i±-5{0. 


IK' 

(0 - 


t.i. 


-ib T ' K (k. 


H R(e) 


+ 


c, 


(<0 


p- 


i—5{0 
P- 


IK' 

(«) - 


t.l. 


(5.2) 


where e is a real regulator and (e) at the subscript of operators indicates that they are regularized 
and means the dropping of terms with Mq at the right endjf^ The regularized operators become 

32 This is seen as some kind of anomaly. 

33 Some R-ordered generators must be regularized to avoid divergences. In E3 EES, the commutation relation is 
regularized: Pj(a)] reg =ii S e (0) ~ 

34 From (ITITli . the constraint is Mo 0. 
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the original ones in the limit of e —> 0. is a regularized constant and 5(Off)t.i. is a traceless part 

consisting of operators of degree 4 and vanishes in the limit of e —i 0. 

Because of the algebraic requirement, we must use instead of Although we can use 

various representations of 1C■ we use the next one: 


D—2 


K 


HR(e) 


D -2 




HR(e) J 


7=1 


(5.3) 


Because the regularized non-dangerous commutators and the ordered classical part of regularized 
dangerous commutators do not cause any problem in the limit of the regulator, the rest we have to 
consider is the quantum effect part of regularized dangerous commutators. The rest of dangerous 
commutators are [Jhr^i^hr^I an d [K-nnu -According to the discussion in section 4, we 
find the structure of them. 


['Jhr(a-K-hru)] = *(ordered classical part) + iC \, 

x K 

[^■HR(e )> ^HR(e)} = ^(ordered classical part) + iC ' t) — , 


(5.4) 


where C' (e) and are constant. The hrst classical parts of these should vanish in the limit of e —>• 0. 
Therefore, if C\ f) and C'!^ vanish in the limit of e —i 0, we can avoid the anomaly of the spacetime 
conformal symmetry. The check of their vanishings is discussed in the same way as the calculation of 
[Jhri^hr\ in D = 3. We refer the discussion in next subsection and appendix. 


5.2 fc H R — * [•Tail > and [CT HR , fc HR \ in Z) 3 

Because the dangerous commutator is trivially zero in three dimensions, the ordering con¬ 

stant in Mo, a, is not determined in three dimensions only by the requirement of the Lorentz symmetry, 
unlike in D > 3. Thanks to the freedom of a, we obtain the great possibility for the mass spectrum 
of the tensionless string theory. However, from another point of view, we can say that the theory has 
an ambiguity. Removing this ambiguity is one of the interesting problem. 

In this subsection, we calculate the definition of Kr and the dangerous commutator [J~ ,/C~] in the 
Hermitian R-order without any explicit regularization. Then we find the avoidance of the spacetime 
conformal anomaly and determine the ordering constant such that a = 0. The calculation with the 
cut-off regularization is given as example in appendix. 


5.2.1 Definition of IC HR 

We define the Hermitian R-ordered generator iC RR a@ 

K HR =—i[J H Ri^HR\ ■ (5.5) 

Because there is only one transverse direction in D = 3, this commutator is not anomalous. Because 
of the algebraic requirement, we must use it in commutators of the spacetime conformal symmetry 

35 [<ZTb(«)i'Atr( <! )] becomes (14.111) in the limit of e —> 0. [IChr( c ),}Chr(,)] is similar. 

36 Note that J~ = —J~ 2 in D = 3. 
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instead of JC HR 


K-hr =2 (^r + h.°) 

P^r —X X P— “1“ ® ^ ' X n P—n T T ^ ^ ^ ' 3C n Xm,L—n—m /g g\ 

n * n m ^ J 

--EE(4 + -)x n M m p_ n _ m , 

p_ z —' z —' \m. ms 

n m/0 

where i n the classical Kr has been ordered correctly. 

From the discussion in section 4, the structure of \J RR . P-hr] is the same as (14.1 1 f) . Here we consider 
the structure of the r.h.s. in (15.51) in detail. From the coincidence of the spacetime index, we find that 
the r.h.s. in (15.51) consists of the part with x~ and the part proportional to The part with x~ is 

easily calculated. Then we find that it is the same as the part with x~ in JC R r- On the other hand, 
the part proportional to 0- consists of AA'PP-quartic, AP-quadratic and a constant. The last two 
parts are the quantum effect terms, which arise in exchanging operators to get the correctly ordered 
result. Because AA'PP-quartic terms are in the highest degree, we can know them by the classical 
calculation. After a long calculation, we find that they consist of AAPP-quartic terms in K. R r and 
terms with Mq at the right end. As seen in section 4, in the Hermitian R-order, AP-quadratic terms 
make commutators and then are absorbed in the constant part. 

Thus we obtain^ 

P'HR = fc-HR 4-1-- EZ —X n P- n M 0 . (5.7) 

P- P-^o n 

The first term is the original ordered classical generator. The second term is the gap by quantum 
effect and C is usually divergent constant. The last termjfl which has Mq at the right end, is obtained 
also by the classical calculation and becomes quadratic terms under the constraint in D = 3, Mo ~ a. 

Because there is the contribution from [ X n , P_ n ] = i for non-zero n to C, C is a divergent constant 
even in the Hermitian R-order. Therefore we need some regularization. 

Now we want to know whether the anomaly unrelated to the choice of the regularization exists in the 
spacetime conformal symmetry. Therefore we assume below the existence of a good regularization and 
then use IC RR , as it is in (15.71) . The calculation with the cut-off regularization is given in appendix. 

5.2.2 Dangerous commutator : [JhriPhr\ 

Here we calculate the dangerous commutator, [J'~,IC~], which may be anomalous. Firstly we see its 
structure. Then we calculate it explicitly. The calculation with the cut-off regularization is given in 
appendix. 

From the number of the spacetime index, [J R ri P-hr] consists of the part proportional to x~x~, 
the part proportional to (x~-P- + and the part proportional to 4s- l' i9 l 

Furthermore, from the mass dimension, the first part can contain only x~x~p. It is easily calculated 
and then we find its cancellation. The second part can consist of APP-cubic terms and p-linear terms. 
APP-cubic terms in the second part are ordered classical results. On the other hand, p-linear terms 

37 The last term in ( 15.71 1 is obtained from [j- J2i^o T MiP-l, iJ2m^o in [J~ ,/C]. 

38 ^2njto n-^ n P~ n anti-hermitian and the same as the Hermitian R-ordered one because it is hermitian and commutes 
with Mo- 

39 Although we may consider and J~ x ~ separately, the hermitian combination is only {x ~ y —h Their 

differences from the hermitian combination are T-^r- Then they are included in the part proportional to -p-. 
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are forbidden because they are hermitian. The third part consists of XXPPP- quintic terms, XPP- 
cubic terms and p-linear terms. XXPPP- quintic terms in the third part are ordered classical results. 
As seen in section 4, APP-cubic terms in the third part make a commutator [X n ,P m ] = iS n - m in 
the Hermitian R-order to be contained in p-linear term. 

Thus we find the structure of \Jhr-, £~hr] i n the Hermitian R-order. 

[Jhr, &hr] = ix~x~p x (const.) + i(^x~ - 1 - x~^j (cubic term : XPP + h.c.) 

+ i-x- (quintic term : XXPPP + h.c.) + iC / -S- (5.8) 

p_ p_ 

P 

= i (ordered classical part) + iC'-*- , 

p_ 

where C' is a constant and we contained terms with Mo at the right end in the ordered classical part. 
The second term in the last line is a quantum effect term. 

Because there is no term with the square of Mo, the constraint, Mo ~ a, does not mix the first 
term and the second term in the last line of (15.81) . Therefore they must be zero separately. 


Calculation : Classical part of [3hr, JC H r] 

K. RR and the third term among JC RR defined in (|5.4D contribute to the classical part of [Jhr,Xhr] in 
(EH|). Because we want the classical information, we can use R-ordered generators. 


JHR, ^HR A ^ ^ ] X n P— n M {0 

F n^O 


Jr, !C~ r 


+ 


Jr , - Y'' —XnP-nMo 

P- n 
1 n^O 


i (ordered classical part) , 


(5.9) 


where ~ means the extraction of the classical part. 


First we consider the first commutator in (15.91) . Because the calculation is long, we separate J R 
into three parts as below to calculate the contribution from each part. 


Ji = E x,t -'+sr E i MiP - 

1 y i^o 


(5.10) 


Commutation relations in (12.141) which are satisfied also in the (Hermitian) R-order may help us in 
the following calculations. 

The commutator of the first part in (15.101) and K. R is classically 


1 


[-* P, X^r] - Hj^2^2 X nX m L 


. ^ "v ^ -\ Tl + TYl 

—n—m ^ / J / J y *-n- LV - L m- L —n—m 


n m/0 




Xr, -M-m P—r. — m. ) 2 


P_ 

p- 


+ —x — y' x n L_ n + x — yy —M m p_ 

y n r m^O 


(5.11) 


The commutator of the second part in (15.101) and K. R is classically 


1 


— 2 X n_ T ^ Xi X) X) 

“~ n n m l 


o 2 y ^ y ^ x n M m L- 

2 p_ ' m 

n m.^0 


(5.12) 
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The commutator of the third part in (15.101) and K. R is classically 


^Y.\m,P-u kt, 

P ~ 1^0 1 


~ X '22 m MrnP-m + . 2 N] N] X n X m P[L 

n m l 


P- A ' m 
1 m /0 


—n—m—l 


i ^ ^ ^ ^ ^ ^ X n X m L 


—n.—m, ^ 


. v-^ n “I - Tn \ p 

l Z_^ m 2 X n M mP-n-m) ~p (5.13) 

n m^O 


+ 2 p 2 2222 m X n M mL- n -m + p 2 2222 rn 2 X n M mP-m,P-n ■ 


We collect (15.11j) - (15.13l) to obtain 


m^O 


m^O 


[^H > ^i?] — o 2 Xn ^mP-mP- n — 2 rr ,2 ^raP-mMo , (5-14) 

U _ . „ lit U _ , „ lit 

1 n m^O * m^O 

where we used Mo = —i ^2 nX n P~ n and then moved it to the right end. In the calculation of the 
quantum part, we must not forget the contribution which arises in moving Mo to the right end. 

Next we consider the commutator of the second term in Because Mq commutes with all 

generators, we obtain 

Jr, — V-X n P_ n M 0 
p_ z —' n 
y n^O 


— 22 —X n P- n p H— 2~ N' —X n L_ n H —y 22 —9 M n P—n) Mo 

P z —' n p z —' n 0 z —' n / 

n^O n/0 ?i^0 


(5.15) 


This contains Mq at the right end again. 


We collect (15.141) and (15.151) to find that the classical part in (15.81) consists only of terms with 
Md ~ a at the right end. Therefore we determine the ordering constant so that a = oF^I 


Calculation : Quantum effect part of \J HR . IC HR ] 

Next we calculate the quantum effect part of \Jhr, x hr], that is the second part in the last line of (15.81) . 
Because the second part contains p-zero mode, we can know its cancellation from the commutator of 
x and [Jhri X ~hb\- By using the Jacobi identity, we deform it as follows. 

[*, [Jhr, X hr]] = [{x,Jhr}, X hr] + [Jhr, \x, X hr\\ 

= 9 ([[ x ’^»h]’ X r\ + [Jhri [x,ICr]] + h.c^j + [x,J HR [, — —f- — y t —X n P_ n M 0 . ( ^ 

Zj \ / P - P - It 


njt 0 


Below, we calculate each part. 

The first commutator in the second line of (15.161) is calculated as follows. 

rr , K _ 1 __, „ _ p i p i _ 1 1 

\\ x iJhr\-> X r\ x x + x + x 2 y X + 9 

P- * p _ * p— p _ 


1 

p- 


p i _ 1 

pi 2 pi 


+ X T>r- -h 2 xT> r -~2 - TpR— + x Jhr 


1 

p_ 


X R p2 X R 


1 

P- 


(5.17) 


3 Note that the classical part and the quantum effect part must vanish separately. 
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where we used 


J hr ~ Jr 4~ 


2 p_ 


V , 


[*. * 7 h «] = (-*) (* +x ~~ 2^1) • 


p_ 2 p_- 

The second commutator in the second line of (15.161) is calculated as follows. 

[J-R, [x, £-]] = -x~x~ - 2x“x-p - ix - -2- 

P— P— z P— P— 

1 „ _ p 2 1 1 p . r __ ^ 1 1 


- x - 2xV R JC- + -Vr— - xJ HR -b/C H -y - 


p_ pi 2 pi 

where we used the following relations: 


p_ 


pi 


P- 


[x,/C„] = i(x x + xV R - IC R — 

' p_ p_ 


We collect (15.171) and (15.191) to obtain 


[[x, J hr ], Kr] + [J H rA x ^r]] = ~-x^-K R ±--i[j HR ,K R \±- 

Z P_ P— P— 


Then we hnd that the second line of (15.161) is as follows: 

l {\\ x ->Jhr\i £r\ + \Jhri [ x , 1C r ]} + h-c.) 


V + fe« - ^ [T, (c;)tl + d-h, [j-„, k-]' 

1 p_ Z Lp_ J Z Lp_ 


4pl 


The third term in the r.h.s. of (15.221) is calculated as 


—,(£«)* 


p- 


—, iV R ) ] x 1 = x +{V R ) f — 

p_ J 2 Vp_ p_ 


and the 4th term in the r.h.s. of (15.221) is calculated as 


1 


p_ 


Thus we get 




Z L p— 


it 


K,- 


l p _ ,Jhr . 


+ 


Jr 


1C-,— 


r- ■ P 
JC R , 2 ^ 


+ 


^P_J 


t if 1 _ _ 1 \ 1 

= i(—z + (£>«)*—) - j-j- 
2 Vp_ p_ / 4pi 


(5.18) 


(5.19) 


(5.20) 


(5.21) 


(5.22) 


(5.23) 


(5.24) 


1 ( \\XiJhr\i 1Cr\ + \Jhri + h.c) — ( it HR — 1C HR ) — — + — ^2 —XnP-nM ,o 

1 P ~ P ~ P ~ n?0 n 


The last commutator in the second line of (15.161) is calculated as 

c 21 V -X n P_ n M 0 . 


[x, J -], - + -V —X n P_ n Mo 
p - p -^o n 

We collect (15.251) and (15.261) to get 


•7 1Chr\ 


P- P-^o n 


= 0 . 


(5.25) 


(5.26) 


(5.27) 
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Thus we find that p-zero mode in \Jhr-, ^hh\- including terms of higher degree with p, is canceled. 
Other commutators are calculated easily or obtained with the Jacobi identity or similarly discussed. 
Therefore there is no anomalous term in [ Jr R , K-hr}- 

In this subsection, in order to know whether the anomaly irrelevant to an explicit regularization 
exists, we have calculated the dangerous commutator without the regularization. In appendix, we 
will calculate the dangerous commutator explicitly with the cut-off regularization and without using 
the Jacobi identity. There we will calculate regularized-C in (15.71) concretely and then verify the 
cancellation of C' in (15.81) . 


6 Calculation of Dangerous Commutators in XP-normal Order 

In this section we investigate three commutators which we must calculate for the check of the spacetime 
conformal symmetry, [J^ 1 ,/C A ] in D > 3 and K,~ = — i[J~,1C\ and in D = 3, in the XP- 

normal order. 

6.1 [Jx*,K% P ] in D > 3 

Because the off-diagonal part in the second line of (14.161) can exist in the XP-normal order of D > 3, 
[Jxpi ^fp] may be anomalous. However, because these terms possibly vanish by a profound reason, 
we have to calculate the dangerous commutator [Jxpi^-xp\ explicitly to verify the concrete coefficient 
of these terms. 

Before the explicit calculation, we investigate the expected result of [Jxpi^-xp\ m a little more detail. 

From (14.201) . in XP-normal order, the requirement of the Lorentz symmetry determines the critical 
dimension and the ordering constant in the constraint such that D = 26 and Mo ~ a = 2. By these 
conditions and the Jacobi identity, we obtain 

[Jxl^xp] « [Jxp^xp] ( 6 . 1 ) 

where ~ means the dropping of terms which vanish under D = 26 and Mq = 2. Thus we expect 
that \Jxp i^xp] consists of the symmetric part in exchanging of I and K and the part which vanishes 
under D = 26 and Mq = 2. 


6.1.1 Preparation for explicit calculation 

Here we give the explicit representation of important generators and some useful commutation rela¬ 
tions. 

First, we give the representation of generators which we need for the calculation, Jxp and ^xp- I n 
XP-normal ordered generators, non-zero modes are normal-ordered but zero mode are not. Therefore 
we decouple zero mode. Jxl is written as 


Jxl =x V 1 + 


2 


x 1 p • p 


1 P 1 I + 


2 p- 


2 


x T L q 


00 T / 

+ — E [( x -i p i J + p -i x ^ - ( x -i p i + pI -i x i^ xp 


p~ 


i=i 


p~ 


( 6 . 2 ) 


where barred operators are defined by removing zero mode from unbarred ones and we used 


At, s X 
1 = 1 L 


-\txhU + L.tXf) + jiPiM - M-tf) 


(6.3) 
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Here we note that commutation relations of L n or M n is the same as the relations of unbarred ones 
because unbarred ones does not contain any x zero mode. 

r~K ■ 

X xp is 

irK K - . K( \ 1 / \ K -D — 1 K 

X xp = X X P- + x (x ■ p) — — (x ■ x)p — i —-— X 

OO OO OO 

+ X K • P n + h.c.) - P K Y, X -n • X n + X L Y ((*-n^n “ X - n P n) + h*) 

n— 1 n =1 n= 1 

OO OO 

+ EE 

n= 1 m= 1 

- OO OO 

- 2 E E [((*-« • X -m)P.n + m + 2(X_ n _ m • X m )P?) + h.C. 

n=l m= 1 
oo 1 

-iY-( X -nMn-M_n X *), 

71=1 


\ xK n( X -r 


P, 


n+m 


) + x5 n (P_ m • x n+m ) + X* n _ m (P m • x n )) + h.c. 


(6.4) 


where h.c. indicates hermitian conjugate of the adjacent part. Because we do not need /C~ in the 
calculation in the next subsubsection, we omit the representation of JC~ in D > 3. 

Next we give some useful commutation relations below. For n > 0, 


and 


n—1 


[A 7 P , X J n ] =6 J ’ J ±M n + * Y ( P n—i x i + ^X^P/) 


1=1 


OO 


+ *Y( X -l P n+l + P -l X 
1=1 

n—1 


l 


/ n + / 

— l-^n+l i Jr —l yv n+l ~ n _|_ i^—l^n+l j > 


-P T ,X;L, - -,x j ,Pl 


[Axe, Pn] = - ^ Jl -L n + inY \ Pn-lP/ + ™ ^ (j^-TnE - -^P^E , , 

z=i 1 i=i 

[A 7 P ,*-n] =-[A 7 P ,X n J ]t , [A 7 P ,pT n ] =-[Ai- p ,P n J ]t . 


[Ax P , M n\ =inPn ^-(n + 1) + 


1 P-2/ 1 

2 Mq —| —— in - 

n fa V n 


1 

+ 2 n 


n—1 


+ in 


U=i 


l 

[A-x P , M-7i] =-[A I XP ,Mn]' • 


E + E i L ~l X n+l + X-lLn+l) 

Li=i l=i 

n—1 oo 

Et"«-P+E( 


2=1 


ATT ^ +l -]p^n +l 


(6.5) 


( 6 . 6 ) 


6.1.2 Calculation of \J X p- X xp\ f° r I A x and anomaly 

Here we calculate [J X p i X xp\ f° r T A to find the anomaly in the spacetime conformal symmetry 
explicitly. Because the calculation is too lengthy, we omit the ordered classical part except for terms 
with Mq at the right end and then show only the anomalous part. The contribution to the anomalous 
part in [Jxpi X xp\ comes from terms with Mq at the right end and quantum effect terms, which arise 
from extra exchanging operators to get the correctly ordered result. 
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We firstly calculate the contribution from each part of J XP in (16.21) and then collect the results. 
The commutator of the first term in (16.21) is 


[x p 1 , K% p \ = ix x T p K - ix UxL n Pn - X K n P^) + h.c. 


n=1 


where means the equivalence up to non-anomalous part. 
The commutator of the second part in (16.21) is 


1 


2 


I 1 I 

X p-p - 77 — p , 1C XP 




= —IX X p + l 


2 P- 
D -3 


2 p- 

~ xI p K Y( Xn ■ p ~ n + hx - 


(x 1 (x ■ p)p K — x 1 x K (p ■ p)) + h.c. 


n— 1 


2 P- 


oo 

{x : pj Ppjx^Y^ 


(6.7) 


i n P«-X K n P;{) +h.c. 


0 .( 6 . 8 ) 


n= 1 


And the commutator of the third part in (16.21) is 


2 P- 


I t irK 
-X L/ o, A ^xp 


— x ! p K {X- n • P n + h.c.) H- x t A^ p ~ 0 

P- z —^ p_ 

n =1 


(6.9) 


Thus we find that commutators of the first three parts in (16.21) do not contribute to the anomalous 
part. 

However, there are contributions from the commutators of 4th and 5th parts in (16.21) to the 
anomalous part. Because terms with odd degree of x 1 and p 1 does not contribute to the anomalous 
part, we find that the contribution from the 4th part to the anomalous part comes from commutators 
with the first and second lines in (16.41) . From a short calculation, we find that the commutator of 
the 4th part in (16.21) and the first lines in (16.41) does not contribute to the anomalous part. Then we 
obtain 


(4th term of ([6.21) 1. JC 


D — 2 

' 2 V- 


OO 

n 


K 

XP 


X'_ n P* - h.c .) - 


(4th term of ([6.21) 1. (2nd line of ([6.41) 1 


D -6 
2 p- 


OO 

£( 


X K n Pn ~ h.C. 


( 6 . 10 ) 


71=1 71=1 

Similarly, the contribution from the 5th part in (16.21) to the anomalous part comes from commutators 
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with the 3rd, 4th and 5th lines in 116.411 . We collect them to obtain 


A X p v~K 
, !^- xp 


P- 


r A 1 

xp , (3rd, 4th and 5th line of (16.41) 1 


P- 


C\ T~\ -| 

~ E( n - !) (■ x -n p n - h.c) + —— E( n - 1) {x* n P* - h.c. 

* n= 1 n= 1 


oo 


+ 


ZD- 4 


OO OO 

E(" - 1) ( XL n P n - h.c) - — E(« - 1) (*-n^n 


2 V- ^ V > 2p- , 

n=l n=l 


— h.C. 


+ 


- OO 

— E^ “ ( X -n P n ~ h.c) 

— 2^ n + f 2Mo — , 

6 / V 6 / n 


P~n=1 

OO 


--y.(x^pi-hP WD - 2 

P- 


n =1 

D- 6 


i 

OO 


ZD - 2\ 1 


2 p_ 


n=l 
oo 


ZD — 2 


E( fi - !) y X —n P n ~ h.C.) + - l)(*5 n P' - h. 


72=1 


— /2.C. 


X^Pi - h.c. 


n =1 


ZD - 2 


— 2^ n + ^2 Mq - 


ZD - 2\ 1 


6 / n 


We collect (I6.7H - (I6.11D to get 


1 


Jxp, X xp\ E + X —nP’n ) ~ 

^ 72—1 


ZD-6 


ra - (ZD - 4) 


- h.C. 


72—1 


ZD - 2 


-4)71+ (2AZ0 - 


ZD — 2\ 1 


6 / n 


( 6 . 11 ) 


( 6 . 12 ) 


As expected from (16.11) . the first line in the r.h.s. of (16.121) is symmetric in exchanging Z and K and 
the second line vanishes when ZD = 26 and Mq = 2. Then the first line is anomalous. 

Thus we have found explicitly the anomaly of the spacetime conformal symmetry for the tensionless 
string in the XP-normal order. 


If we interpret anomalous terms in [Jxp, K-xp\ as a new constraint condition to avoid the anomaly, 
commutators of such a constraint and generators produce other new constraints, as we see in [371 39]. 
Under all constraint conditions, only the string ground state |0) X p survives. This is consistent with 
the fact that the mass eigenstate with positive norm in the XP-normal order is only the string ground 
state. 

Because another type of anomalous terms, i-jjr, does not exist in the dangerous commutator, the 
theory restricted to the string ground state preserves the spacetime conformal symmetry. It means 
that the tensionless string theory with the spacetime conformal symmetry in the XP-normal order is 
point-like. 


6.2 iC XP = —i[J'xp>K'xp] an d [J X p, X xp] in ZD = 3 

[Jxp, K-xp\ in ZD = 3 has AP-quadratic terms as the quantum effect term as well as ([4.161) . However, 
because there is only trace part, it is not anomalous. It defines JCxp- In ZD = 3, [JJ P , )Cx P \ can become 
anomalous. 

Because the dangerous commutator [J~, J~\ is trivially zero in ZD = 3, the ordering constant in AZq, 
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a , is not determined in D = 3 only by the requirement of the Lorentz symmetry, unlike in D > 3. 
Thanks to the freedom of a, the anomaly in [3 X pt P xp\ may be avoided. From only the information 
about the structure of commutators, we can not know whether the anomaly is avoided or not. To 
know it, we must calculate explicitly /C^ P = —i[3 X piX X p] and then [3xp^xp\- 


6.2.1 Preparation for explicit calculation 

Here we give the explicit representation of important generators and some useful commutation rela¬ 
tions. 

First, we give the representation of generators which we need for the calculation, 3 X p and X X p 
and ICxp■ 3x p is written as 


_ _ 1 i A-xp 

Jxp = -X p- -— xL 0 + -—p H- 

2 2 


where L$ = pp + AA 2 = pp + 2 Yln> o p -n p n an d A XP is defined as 


Axe =i + L ~ lX l) + - M ~l P l ) 

J=1 


(6.13) 


(6.14) 


Here we note that A XP is hermitian and p zero mode in A XP is canceled. 

The important generators among the dilatation and the special conformal transformation are 


1 oo oo 

IC X p =xx~p- + -xxp — ix + x J 2 (X-n P n + P -nX n ) + ^ 

n =1 n=l 

^ oo oo 

+ ?EE[ (A_ n X— m P n+m T 2.Y_ / ,/ ) + /l.C.J 

n=l m=l 
oo 

— i — {X-mMm ~ M- m X m ) , 

Z—' m 


m=l 


and 


1 _ i 1 

IC XP = x V XP — -x + - — (xxL 0 + L 0 xx) - xA XP 

2 8 p- p- 


+ 


- OO 1 OO oo 

—-£ x-M ,+-SE [(X-nX. m L 

1 n= 1 


4»_ l 

n= 1 ra=l 


— nX— mL n -\-m -n-h —rn-^-n-\-rn) + h.C. 


+ - 


P- 


oo oo 

EE[( 

71=1 771=1 


n + m n 

O X— nM mPn-\-m 9 X— n —n 


m 


(6.15) 


(6.16) 


m. 


m- 


(n + ?n) 2 


X- n P- mMn+m ) h.C. 
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Next we give some useful commutation relations below. 


— [A-XPiP] — 0 , 


[^XPj-^n] — M n + ITl 

n 


r n— 1 


L /=l 

r n —1 


[■^XPj -fn] — 2 ^ 


J=1 

oo 




-iX n+ i 


Y. -jPn-lPl + X] (zm - 7 ) P-lPn+l 

L ;=i 1 
1 


/=i 


>n + I l 


[Axp, M n ] = zP„ ( 2 Mq + -(n - 1) - n ( n + !)) + nL 0 X, 


1 

+ 2" 


•n—1 


+ in 


TLn-,X, + TX -lPn+l + L-lXn+l 

1=1 1=1 

tv 1 OO .. 

V yM„_,P, + Y J (—,M-iP n+ , - jP-,M n +,) 
1=1 ~ r 


'- 1=1 


(6.17) 


[A-xp, X— n ] — — \A. XP ,XnX i \h-xPiP— n] — ~ [X-xP) Pn\^ , [Axp,M_ n ] — —[A XP ,M n ]^ , 
where the barred operators are defined by removing to zero mode from unbarred ones. 


6.2.2 Calculation of IC XP 

For the algebraic requirement, we must use X xp defined below instead of IC XP . 

1C XP = —i[J X pXxp[ = X xp H-b SX xp . (6.18) 

P- 

The first term in the r.h.s. of (16.1811 is the original XP-normal ordered generator in (16.1711 . The second 
term is the quantum effect term arising only from zero modes. The third term consists of quantum 
effect terms of degree 2 and terms with Mq at the right end, such as 

OO 

5X xp = — y{X_ n P n - P_ n X n )(5 (n) + /i( n )M 0 ) , (6.19) 

” — n= 1 

where g ( n ) and h^ is coefficients dependent on Fourier-mode index, n. 

We calculate [, J xp ,Xxp\ explicitly to determine C and 5IC XP in (16.1811 . Because the calculation is 
lengthy, we omit the contribution to 1C XP obtained by the classical calculation. 

The contribution from the commutator of the first three terms in (16.131) and X XP is 


-x p 


xL 0 + p, X XP 


2 p_ 


2 


1 


4p_ 2 


yXX-nPn ~ P-nX n 


n= 1 


( 6 . 20 ) 


where means the extraction of the contribution to C and 5X XP . 

The contribution from the commutator of the last terms in (16.1311 is lengthy. Therefore, firstly we 
calculate the contribution from each line of 1C XP in (16.1511 and next collect them to obtain [ xp ,K, XP \. 
In the calculation, we may use the help of (16.17H . 

After the calculation, we find that there is no contribution from the first and second lines of IC XP in 
(16T51) . 


—(First line in (16.151) 1 
L p- 

—(Second line in (16.151) 1 


~ 0 , 
~ 0 . 


( 6 . 21 ) 
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Because x- or p-zero modes remain in the first commutator in (16.211) . it does not contribute to tll ^ eC 
and 5ICxp- The contribution from the second commutator is canceled. 

The contribution from the third line of K XP in (16.151) is E3 

1 °° 

~ — " P ~nXn)f ( n) , ( 6 - 22 ) 

P n =1 


-, (Third line in (16.151) ) 


where 


/(n)-(^-3)n + i + (2M 0 -^ 


n —1 


^E 

m=l 


n(n — m) 
m 2 


(6.23) 


The sum of the last term in /( n ) arises when we order — Yhn >o correctly. 


Thus we collect (16.201) and (|6.21f) - (l6.22[) to find 

1 ~ 


K-xp = Kxp 


+ 


4p_ p_ 


YsiX-nPn ~ P-nX n )f {n] . 


(6.24) 


n =1 


6.2.3 Anomalous terms in [J XP ,iC XP \ 

In section 4, we have investigate the structure of [J XP ,1C XP \. By using the mode expansion in (14.221) . 
terms with Mq at the right end and quantum effect terms are unified into the following parts. 


P 

x (const.) , 

pl 

oo (6.25) 

— 2 ~ y X— n P n h.c.)k( n ) ; 

~ n=l 


1 

?- 

1 

pL 


2 'y ^ y ^ {X— n — m P m P n h.c.)g^ n m ^ , 

n= 1 m= 1 
oo oo 

EE (X.nP-mP n+ra - h.c.)h ( 

n,m) 


n =1 m= 1 


(6.26) 


where 5( njm ) and /i( njTri ) are coefficients which depend of n and m and contain Mq ~ a. 

The first line in (16.251) has the same structure as in the Hermitian R-order and the second line 
in ()6.25l) is new one. Both structures in (I6.25P contain zero mode, p. Therefore, after the similar 
calculation to the case of the Hermitian R-order in which we have considered the commutator of x 
and \J~ ,/C~], we will find the absence of them. 

Two structures in (|6.26l) are caused by the fact that the XP-normal order breaks the mode flipping 
symmetry of coefficients. The anomaly in [!T X p,)C X p\ vanishes if and only if all g( n , m ) and /i( n m ) 
equal to zero. Because there is only one freedom in the choice of Mo, this dangerous commutator is 
anomalous unless the profound reason exists. We extract the lowest part in two structures of (16.261) . 
(n, rn) = (1,1), to verify the existence of the anomaly which can not be removed by the choice of Mq. 


Because of the lengthy calculation, we separate IC XP into JC XP + and 5JC . 
First we separate the commutator of J XP and IC XP + - into two parts as 


r 1 


1 

i 



|" Ayp 

1 i 

XPl ^XP + ^ 

— 

i X P 2p 

-xL 0 + p, 

2 p- 

Lxp+ 4 p _] 

+ 

L p_ 

Lxp+ 4 IpJ 


41 We must not forget the contribution from terms arising in moving Mq to the right end. 


(6.27) 
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The contribution from the first part in the r.h.s. of (16.2711 is obtained as l 42 l 

-4-(X_ 2 PiPi - h.c.) + iP 2 - h.c.) , (6.28) 


-x p 


ip—xL o + -^—p, IC XP 

2p_ 2p_ 


4pi " 4pi 

where ~ means the extraction of the contribution to (X_ 2 PiPi — h.c.) or (X_iP_iP 2 — h.c.). The 
contribution from the second part in the r.h.s. of (|6.27|) is calculated for each line of (16.151) separately 
as follows. 


A, 


L p_ 


-, (First line in (16.151) ) 


~ 2 ~ (X— 2 Pi Pi - h.c.) - -4(X_,P_ i P 2 - h.c.) , 


4p_ 


4 pi 


rA> 


L p_ 

A, 


P- 


(Second line in (16.151) ) 
(Third line in (16.151) ) 


" 7 ~ 2 ~ (A— 2 Pi Pi - h.c.) + -^(X_ 1 P_ 1 P 2 - h.c. 
4 pi 2 pi 

\{X_ 2 P l P 1 -h.c.)[4-2M 0 ] 

P- 


(6.29) 


+ \{X_ 1 P_ 1 P 2 ~h.c.) 
P- 


25 7 „,' 

— — —Mo 

L 4 2 u 


Then we collect them to obtain 


A, 


k — _i_ 

") 'Vx'P ' 


1 


L p_ 4p_J p_ 

From ()6.28|) and (|6.30l) . we find 


-4 (A:_ 2 PiPi - h.c.) 


—— 2 M 0 


3xpi ^xp A 


1 


1 


4p_J pi 


(X_ 2 PlPl - Pc.) 


25 

LT 


— 2Mq 


+ 4-(^-i 7? -iP 2 -Pc.) 
pi 


H— r (A_iP_iP 2 — h.c. 
P~ 


7 ~l M ° 


37 7 ,, 

4 2 °. 


(6.30) 


(6.31) 


Next we calculate the contribution from the commutator of J X p and 6JC XP . The result is 

■ 1 1 
3 XP i fifc X p 


^{(X^PiP - h.c.) + (X_.P_.P 2 - fc.c.)) [|/ (2) - 3/ (1) 
P- LZ 

1 


= - r ((X_ 2 P 1 P 1 - h.c.) + (X_ i P_!P 2 - h.c.)) 


51 9 ' 

-M 0 

8 2 u 


(6.32) 


Note that the coincidence of coefficients of (X_ 2 P.P. — h.c.) and (X_.P_.P 2 — h.c.) is the specialty 
in n = m = 1. ri 


Thus we collect (16.311) and (16.321) to obtain 
1 


[A 


xp> 7C XP J (X_ 2 PiPi - h.c.) 

pi 


1 13 „ r 
-M 0 

8 2 u 


H— 2 _ (X_ 1 P_ 1 P 2 — h.c.) 


pi 


23 


— 8 Mq 


(6.33) 


From this, we find that there is no choice of Mq such that two coefficients vanish. Therefore the 
dangerous commutator, [jp P , /C XP ], does not vanish. Then there is the spacetime conformal anomaly 
in the 3-dim. tensionless string theory in the XP-normal order. 


As well as the case of D > 3, if we interpret anomalous terms in [P XP ,IC XP \ as a new constraint 
condition, commutators of such a constraint and generators produce other new constraints. Under 
all constraint conditions, only the string ground state |0) X p survives. This is consistent with the fact 
that the mass eigenstate with positive norm in the XP-normal order is only the string ground state. 
Because another type of anomalous terms, iC^-. does not exist in the dangerous commutator, the 

theory restricted to the string ground state preserves the spacetime conformal symmetry. It means 
that the tensionless string theory with the spacetime conformal symmetry in the XP-normal order is 
point-like. 


2 Note that P+jv = — 

3 m | n 1 / -i | 

n+ra ' m 2 \ ’ 


and [ V+nXxp ] = 0. 
« + s) for n = m = 1. 

m n / 


30 





































































7 Summary and Outlook 


In this paper, we have considered the tensionless closed bosonic string theory in the light-cone gauge 
and calculated dangerous commutators in various dimensions and in two types of operator orders. 
The main products of our study in this paper are the avoidance of the spacetime conformal anomaly 
in the Hermitian R-order (and the Weyl order) and the explicit calculation of the spacetime conformal 
anomaly in the XP-normal order. Both products are independent of the spacetime dimension. 

The first product has been obtained mainly in section 4 and 5. In section 4, we have considered the 
structure of (dangerous) commutators in the Hermitian R-order, where the mode flipping symmetry 
corresponding to the world sheet parity is preserved. By using the information of it, we have cal¬ 
culated the dangerous commutators of the spacetime conformal symmetry in the Hermitian R-order. 
Against the critical dimension of the conformal string in the BRST formalism or the calculation in the 
light-cone gauge without the mode expansion E3 [381 139], we have found that there is no spacetime 
conformal anomaly unrelated to the regularization in the Hermitian R-order (and the Weyl order) by 
the calculation with the Fourier mode expansion. Furthermore, in appendix, we have calculated the 
dangerous commutators in the Hermitian R-order in three dimensions with the cut-off regularization 
to obtain the set of the expected commutation relations for the spacetime conformal symmetry in the 
limit of the cut-off scale, N —» oo. 

The results obtained is a new example for the differences between the results in the BRST formal¬ 
ism and in the light-cone gauge quantization, such as the critical dimension of the tensionful string 
theory in the BRST quantization formalism and the avoidance of the Lorentz anomaly in the 3-dim. 
light-cone gauge quantization. Such differences between the results in the BRST formalism and in the 
light-cone gauge quantization are strange and interesting and then need the further studies. 

The second product has been obtained from section 4 and 6. By using the information about the 
structure of dangerous commutators considered in section 4, we have calculated concretely the danger¬ 
ous commutators in the spacetime conformal symmetry of D > 3 and D = 3 in the XP-normal order, 
where the string ground state breaks the mode flipping symmetry. Then we have verified the existence 
of the spacetime conformal anomaly for the tensionless string theory in the XP-normal order. Or, 
if we have interpreted the anomalous commutators as additional constraints to avoid the spacetime 
conformal anomaly, we have found that the tensionless string theory in the XP-normal order becomes 
point-like. It is similar to other works by the discussion of the norm of mass eigenstates[37[ 139. 45i|. 

The outlooks for the future works are roughly divided as follows: 

• Other types of tensionless string in light-cone gauge 

• Reproduction of results in 3-dim. theories in light-cone gauge by a covariant method 

or Reason for differences between results in BRST and in light-cone gauge 

• Further study of mass spectrum in (Hermitian) R-order 

and Tensionless string theory with interaction 

• Application of duality 

• Relation between tensionless string theory and higher spin gauge theory 

Firstly, other types of the tensionless string in the light-cone gauge are interesting. The spacetime 
conformal anomalies of these theories in the light-cone gauge are not satisfyingly investigated yet, 
against many studies of the Lorentz anomaly[55. 551 [35]. 

In the supersymmetric case, we have a fermionic field. We choose naturally the normal order as 
its operator order. Because the string ground state for the normal order breaks the mode flipping 
symmetry, the normal order for the fermionic modes and the Hermitian R-order in this paper are 
incompatible. To avoid the spacetime conformal anomaly, we may need the choice of the normal order 
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also for bosonic modes and a miracle. 

In the case of open tensionless string, the commutation relation of X n = X_ n and P m = P- m is 
different from the case of the closed tensionless string as seen in this paper: [X n , P m ] = %(5 n - m +5 ntm ). 
Therefore the dangerous commutator \J~ ,Kr\ can have terms consisting of modes with even integer 
index, X- X^n>o C n p 2 n even in the Hermitian R-order and without the explicit regularization. In fact, 
from the explicit calculation, we will find such terms. 

Thus both cases is difficult and then we probably need some other method. 

Next, it is important to reproduce the results obtained in the light-cone gauge by some covariant 
method. At present, the special results in three dimensional theories comes only from the light-cone 
gauge quantization. It is not understood well whether the BRST formalism and the light-cone gauge 
quantization give really the same physics. Therefore it is important to reproduce a result obtained in 
one method by other method(s). If we cannot reproduce, we must consider its reason. 

In this paper, we have not considered the mass spectrum. However we must study more the mass 
spectrum of the tensionless string in the (Hermitian) R-order, especially the massless spectrum. In 
other studies such as [551I5U] . the eigenfunctions only of the mass square operator, Ad 2 , are considered. 
However there is another Poincare invariance corresponding to spin, A in three dimensions. Although 
we use it to construct the non-separable mass eigenfunctions in m, diagonalizing simultaneously M 2 
and A is possible in principle. The investigation of states with various helicities or spins, such as the 
case of the 3-dim. tensionful string in the light-cone gauge [351 13Tj 138 , 39l [531155 , i56] . is interesting 
and important for the construction of a interacting tensionless string theory. Although there are 
abundant spectrum even in a single string, there will be new interesting feature or some restriction in 
the interacting theory. Then the interacting theory probably tell us the relation between tensionless 
string theories and higher spin gauge theories. 

Furthermore the application of dualities to the tensionless string theory and the understanding 
of the relation between tensionless string theories and higher spin gauge theories are interesting and 
important. 
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A Commutation Relations of Spacetime Conformal Symmetry 

In this appendix, we give the commutation relations of the spacetime conformal symmetry in the 
light-cone base. Then we indicate dangerous commutators in the tensionless string theory in light- 
cone gauge. Because dangerous commutators are different between the case of D > 3 and the case of 
D = 3, we consider two cases separately. 

A.l Commutation relations and dangerous commutators in D > 3 

The generators of the spacetime conformal symmetry are the translation P fl , the Lorentz transforma¬ 
tion , the dilatation T> and the special conformal transformation KP. 
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The commutation relations of the Poincare symmetry in the light-cone bas^fl and in D > 3 are 


[V ± ,J + -] = ±iV ± , 

[ V ± ,J^ 1 } = -iVj , 


\P 3 ,J ±3 } = i5 IJ V ± , 

[V 1 , J JK ] = i (5 ik V j - 8 ij V k ) , 


[J + ~,J ±I ]=piJ ±I 

, [J +I ,J~ K }=i{J IK + 5 ik J + ~) , 

(A.l) 


[J ±T , J KL ] = i ( 5 1L J ±K - 5 ik J ±l ) , 

[J IJ , J KL ] = i ( b JL J 1K - 8 jk J il - 8 il J jk + 5 ik J jl ) , 

and other commutators vanish. 

The rest commutation relations of the spacetime conformal symmetry in the light-cone base are 

[p,p±] = , [V^V 1 ] = iV 1 , [D,^] = -i/C* , [P,/C J ] = —i/C 7 , 

[K*,P*]=i(V±J + -) , [JC ± ,V I ] = -[IC I ,V ± ] = iJ ±I , 

[/C 7 , P J ] = i (, 5 IJ D + J IJ ) , (A.2) 

[K ± ,J + ~] = ±ilC ± , [K*,^ 1 ] = -iK 1 , [1C 1 , J ±j ] = i8 IJ /C ± , 

[1C 1 , J JK } = i (8 il 1C k - 5 ik 1C l ) , 

and other commutators vanish. 

In string theories in the light-cone gauge@ X~ (a) is obtained by integrating other fields, X 1 [a) 
and Pi (cr), and then it is non-local. Generally, commutators of two generators which contain the part 
in X~(a) dependent on a, A - (<r)@ are dangerous unless they are trivially zero. Generators which 
contain X~ (cr) are , IC J and KL~. Therefore dangerous commutators of the spacetime conformal 
symmetry are the infamous one, [J _1 , J ~ 7 ], and new ones. The new dangerous commutators are 
[J- 1 ,^], [J-^Kr], [/C 7 ,/C J ] and [K. 1 ,Kr]. 

The correct relation of the first of new dangerous commutators is 

[. J _ 7 ,/C A '] = -ib 1K KT . (A.3) 

However, the possibility that the traceless part of the transverse indexes, I and K, exists as anomaly 
is shown in some operator order [371 :39], 

If (1A.3D is correct, by using it and non-dangerous commutation relations and the Jacobi identity, we 
find that the rest of the new dangerous commutators are related to the infamous dangerous commutator 
and the first of new ones: 

[J-\X-\ = K J ]] = -i [K J , [J- 1 , J~ j ]] - i [J- J , [K J , J- 1 ]] , 

[X I ,lC J } = \i[lC + ,J- I },lC J ]=~i[[lC J ,lC + ],J~ I ]-i[[J~ I ,lC J ],lC + } , (A.4) 

[/c 7 ,/c~] = \i[ic + , j- 7 ],/c-] =-i[[lC-,IC + ],J- I ]-i[{J- I ,JC-],JC + ] , 

where / ^ J. Therefore, to check the spacetime conformal symmetry of the tensionless string theory 
in the light-cone gauge and in D > 3, we must calculate at least [J~ 3 ,J~ J ] and [J~ : ,YC K \. In the 
operator order in which we need some regularization, we may need to investigate other dangerous 
commutators to check that commutators with dropping terms in the limit of the regulator factor do 
not cause any problem. The necessity depends on the choice of the regularization. Here we don’t 
discuss more. 

44 The spacetime index in the light-cone base: {g} = {+, —, 1} and I = 2, ■ • • , D — 1. 

The metric in the light-cone base: rg|_= 77 4 = 1 and r/u = r\ IJ = 5 IJ . 

45 The light-cone gauge is defined by X + = r and P- = P-(r) 0. 

46 X~{a) =X~(a) — x~ where x~ = j> X~(a ). 


33 





A.2 Commutation relations of and dangerous commutators in D = 3 

In D = 3, by = \e p ’ l,p J up , the Lorentz generators are rewritten as vector, = ± J ±2 , J = 
—. By using the representations as vector and omitting the transverse index, the commutation 
relations of the spacetime symmetry become simple. 

The commutation relations of the Poincare symmetry in the light-cone base and D = 3 are 

[J*,?*] = ±W , [J,V^} = ±iV* , [J±,V\ = , 

[J,J ± } = ±iJ ± , [J + ,J~]=iJ , 

and other commutators vanish. [J~ 1 J~\ corresponding to the infamous dangerous commutator in the 
Lorentz symmetry is trivially zero because there is only one transverse direction in D = 3 [461 Wfl H8l ?]. 
Therefore the 3-dimensional (string) theory in the light-cone gauge have no Lorentz anomaly and then 
preserves the Poincare symmetry. 

The rest commutation relations of the spacetime conformal symmetry in the light-cone base are 
[V,V ± ] = iV ± , [V,V]=iP, [X>, /C ± ] = — z/C ± , [P,/C] = -z/C, 

[fc ± ,v*] = i(v^j) , [jc ± ,r} = -[tc,r ± } = ±ij ± , [jc,v]=w, (a.6) 

= ±iK , [/C* J] = T^ ± , [/C, J7 r± ] = ±ilC ± , 
and other commutators vanish. 

The non-trivial commutators of two generators which contain X~ are [J~ ,/C _ ] and 

[K.,KT]. Because the first of them has no traceless part unlike the case of D > 3, it is not dangerous. 
Regardless of the existence of the quantum effect, it gives the definition: 

Kr = -i[J~,K\. (A.7) 

From the algebraic requirement, we must use K~ in the calculation of commutators instead of K~. 
Most of commutators with K.~ are easily calculated and then we find that they are correct. However, 
\J~,Kr\ and [JC,1C~] are dangerous. Unlike the case of D > 3, by the Jacobi identity we can not find 
whether [J~ ,/C _ ] = 0 is correct. On the other hand, [/C,/C~] is related to other commutators by the 
Jacobi identity: 

[£,£-] = [i[J~,K+],KT] =-i[[JC~,J-], £+]-*[[£+,£-], J~] =-i[[iC-,J~], JC+] . (A.8) 

Therefore, to check the spacetime conformal symmetry of the tensionless string theory in the light-cone 
gauge and in D = 3, we must calculate at least Kr = — i[J~,1C\ and 

A.3 Dangerous commutators 

Here we summarize dangerous commutators in D = 3 and D > 3 which we must calculate at least on 
the next table. 


Dangerous commutators whic 

r we must calculate 

Spacetime dimension 

Lorentz anomaly 

Spacetime conformal anomaly 

D > 3 

-5 

1 

-H 


D = 3 

nothing 

= -i[J~,K ], [J~X~] 
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B Cut-off Regularization in R-order and Hermitian R-order 


In some operator orders such as the R-order and the Hermitian R-order, some Hermitian generators 
of the spacetime symmetry have divergent terms [571 39j. Therefore we have to regularize them for 
explicit calculations. For example, the dilatation in the R-order is 

V R = x~p- + y^ X n - P_ n . (B.l) 

n 


Because T> R is not hermitian, we must hermitianize it. If we reorder the hermitian generator into the 
R-order, we find the divergent term as follows: 


v = - 2 {v r + (v r )t) 


= Vr ~2 


1 + J2(D~2) 


(B.2) 


In the Hermitian R-order where the ordered result is the second formula, the regularization is not 
necessary in the dilatation. However, as seen in jf- of (14.111) or (15.71) . generators of higher degree such 

as Kr defined by the commutator can contain a divergent term from the quantum effect. Therefore 
we need some regularization also in the Hermitian R-order. 


In this appendix, we regularize divergences with the cut-off regularization, which drops higher 
Fourier modes of the transverse fields. The advantages of the cut-off regularization are that infinite 
series become the sum of finite terms and that all commutators of generators except for Kr satisfy 
the relations expected in the spacetime conformal group 0 

For the simplicity, we consider the case of three dimensions below. The higher dimensional case is 
similarly discussed. 


B.l Cut-off regularization 

In the cut-off regularization, we drop X- and P-modes with larger index than N as follows: 


X n = P n = 0 for \n\ > N , 

where the regulator N is some large positive integer. From (IB. 3D . modes of P + and X 
L™ = J2 P mPn-m , E-i ^ mX x P n _ m , 

|m|<iV |m|<iV 

\n — m\<N \n—m\<N 


) = AfW = 0 for \n\ > 2 N . 



(B.3) 


(B.4) 


For |n| < N and \n + m\ < N, the fundamental commutation relations are 

[X n , LVp] = 2 iP n+m , [P n , L<£>] = 0 , 

[X n , If] = (n + rn)X n+m , [P n , M%p] = nP n+m , ' ’ 

4[ Of course, other regularizations exist. A example is using the approximate delta function. This regularization smear 
the delta function of the commutation relation [A'(cr), P{cr')\ = 2ni5(a — a 1 ). Explicit example is [X n , P m ] e = 5n,-m 

in Fourier mode, where the regulator e measures the scale of smearing. In this regularization, the divergent series may be 
represented by zeta functions. However all commutation relations have differences of O(e) from the expected relations 
and multiple commutators are too complicated. 

48 There is no difference in and between the R-order, the Hermitian R-order and the Weyl order, as well as 

L n and M n . Differences arise in operators of higher degree, as seen in the next subsection. 
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and otherwise vanish. “|n + m\ < IV” is new restriction for the summation. Therefore L(? ] and Mm' 1 
with finite N do not satisfy 2D Galilean conformal algebra (GCAj^j) and the algebra of these is not 
even closed: 


[LW L£0] =0 , 

[L^\M^] =(n - m)L^ m - 2 £ ( n - l ) P i P n + m-i , 


, M<f>] ={n — m)M^ m -i l V “ «)*z^n+m-i + * 1(1- m)X l P n+m _ l . 

\l\<N,\l-n\>N \l\<N,\l-m\>N 

\n-\-m—l\<N \n-\-m—l\<N 


The first commutator is good, but the 2nd term of the second commutator and the 2nd and 3rd terms 
of the third commutator are extra. However, because we expect that taking the limit of N —» oo 
recovers the original algebra, such extra terms should be dropped in the limit if they are correctly 
ordered. Dropping the correctly ordered extra terms in the limit corresponds to the shift of the index 
of summation in series of ordered operators. The shift of the index of summation in series of ordered 
operators is done when we derive the Virasoro algebra for the usual tensionful string theory. Therefore, 
we assume that the correctly ordered extra terms have a good convergence property and are dropped 
in the limit of N —>• oo. 

The regularized generators are defined by the restriction in (IB. 311 and indicated by (n) in the 
subscript. For example, 


- -o> £ E i M ‘ p - 1 + 

1 i i¥= o 

- x ~ p - 2^7 £ x,L -“‘ + j: £ + 

|Z|<JV 0<|i|<JV 


J(N) - 


(B.7) 


B.2 Problem of R-order in limit of N —> oo 

Here we show that the above dropping in the R-order breaks the Hermitian property. For example, 
we consider the commutator of the following two hermitian operators in the R-order case and the 
Hermitian R-order case, 

2 ^2 (X n X m P_ n _ m + h.c .) = X n X m P- n -m — *(2iV + \)x , (B.8) 

|n|<2V |m|<AT |n|<AT|m|<AT 

\n-\-m\<N \n-\-m\ <N 

(Xk+iP-kP-t + h.c.) =Y,Y, XkpP-kP-t - i(2N + 1 )p . (B.9) 

|fc|<-V|i|<AT |fc|<Af|i|<Af 

|fc+i|<JV |fc+Z|<JV 

In order to obtain terms of lower degree correctly, we write all the range of summation explicitly as 
well as extra ranges. 

49 The commutation relations of 2D GCA are [L n ,Lm\ = 0, = (n — m)L n+m , = (n — m)M n +m. 

The detail of 2D GCA is referred to [5Tl ,5 21 i551. 
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First the commutator of above two hermitian operators in the R-order is 

£ £ X n X m P— n _ m — i(2N + \)x , £ £ X k+l P_ k P_i - i(2N + 1 )p\ 

L |n|<iV |m|<iV \k\<N |Z|<iV 

\n-\-m\<N |fc+Z|<AT 

= 3i E E E X n X m PiP_ n ^ l + 2 J2 [3( 2iV + !) - \l\\X 1 P -1 - i{2N + if 

\n\<N \m\<N \1\<N |£|<7V 

\n-\-m-\-l\<N 

-« £ £ £ X n XmPlP—n—m—l ~\~ i £ £ £ XnXmPlP-n-m-l , (B.10) 

\n\<N \m\<N \1\<N \n\<N \m\<N \1\<N 

|n+m+Z|<iV, |m+Z|>iV |n+m+Z|<JV, |n+m|>JV 

where the right hand side is anti-hermitian. The last line consists of the R-ordered extra terms. 
However it is not anti-hermitian. Therefore, according to the assumption in the last subsection, 
dropping the correctly ordered extra terms in the limit of N —>• oo breaks the anti-hermitian property 
in the equation. Such a breaking causes the anomaly unrelated to one which we would like to know. If 
such breaking is accepted, anomalous quadratic terms such as the second part in the r.h.s. of (1B.10D 
arise in [J ^ 1 , IC K ]. This is probably the cause of the anomaly in the traceless part of [ J ~ L , /C A ] shown 
in 132132]. 

Next we reorder the commutator of (IB.101) in the Hermitian R-order, instead of the R-order. 

£ £ XnXmP^n-m — i(2N + l)x , £ £ Xk+iP~kP-i — i(2N + l)pj 

L |n|<AT |m|<JV |fc|<JV \1\<N 

\n+m\<N \k+l\<N 

= | E E E (XnXmPlP-n-m-l + h.C.) + i(7N 2 +7N + 1) (B.ll) 

|n|<AT |m|<iV |Z|<AT 

\n-\-m-\-l | <N 

-» £ £ £ ( X n X m PiP— n — m —i + h.c.) + ^ £ £ £ (X n X m P / P_ n _ m _ / + h.c.) . 

|n|<iV |m|<JV |Z|<AT \n\<N |m|<iV \1\<N 

\n-\-m-\-l\<N N \n-\-m-\-l\<N ,\n-\-m\> N 

Because of hermitian combinations, dropping the extra terms in the last line of (IB.12D does not break 
the anti-hermitian property in the equation. After taking the limit, the quantum effect appears only in 
constant, which is 4 lower degree than the highest. Though, because such a quantum effect may cause 
the anomaly in commutators of the spacetime conformal symmetry, we must calculate concretely such 
dangerous commutators. 

In this way, when we consider operators of higher degree such as the special conformal transfor¬ 
mation and their commutators, the Hermitian R-order is supposed to be appropriate. Therefore, we 
should choose the Hermitian R-order instead of the R-order. In the Hermitian R-order, all generators 
and commutators are ordered in the form with the hermitian partner as follows. 

Qhr = ^ ipR P (£7h)^) • (B.12) 

The Weyl order is possible. However the calculation in the Weyl order is more difficult. 

C Calculations of JCf R{N) and [Jf R{N) ,fcf R(N) ] in D = 3 with Cut-off 
Regularization 

In this appendix, we calculate X RR(N) = -i[J^H R i N ),X HR ^ N -)] and [77hr<n)iXhri N )\ in D = 3 with the 
cut-off regularization explicitly to investigate whether the anomaly exists or not. Note that some 
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commutators have extra restrictions in the range of sum. For the simplicity, we omit the range of sum 
which we know from the mode indexes of X n and P n . 


C.l Definition of /C 


HR(N) 


First we calculate = —i[J^ HR ( N ), x hr(n)\ and then see the effect of the cut-off regularization. 

Because 


1 


V^HR(N)1 X HR(N)\ „ {\^HR(N)1 X R(N)\ h.C .) 


it is enough to calculate the commutator of the following two generators: 

A m 

2p xL ' n ' + I + 


J, 


- I 1 T<. N ) i ' P 
H R(N) = ~X P+[ -—XL^ + l- - 


2/ p_ 


, AS = J2[- 


i+o 


and 


K 


(N),R 


= XX P- 


P— T 2 'y y ^ ^ x n x m.P~n—m + i 'y ^ ^X m M_ 


(JV) 

—m 


m/0 


(C.l) 


(C.2) 


(C.3) 


Note that, in the Hermitian R-order, all terms always have their hermitian conjugate partners. 


Because the calculation is lengthy, we divide the commutator [J HR ^ N ), 1Chr(n)} into three hermitian 


parts of J HR r N) in (1C.21) . The first part i 


is 


—x p, K, 


HR(N) 


= - I I x x p- 


p.+x-^XiP-ij+h, 

i^o 


(C.4) 


The second part is 


1 „ T (N) I • P ir 
~2^~ xL 0 Xhr ( n ) 


= - I x xp 


' + E XnX -nL ( o N) - X^) + h.c.) + C.5) 


P- J 


4p_ 


and the third part is 


A (n) 

ly HR y- 

, X 
P- 


HR(N) 


1 

2 \ V4p- 




(N) 

—n—m 


n + m 


n m 
n-\-m^ 0 


EE ™2 -n-m 

n m^O 


(JV) 


X nMm ] P-n-m + X - 1 + h.C. 


P- 


+ E ^)“E+«= 


2 zz —' m* ) p- z —' n 

|n|<iVO<|m|<JV 7 e n^O 

|n+m|<iV 


■'HR(N) J 


(C.6) 


where 5JC HI {(JV) is the effect of the cut-off regularization and its concrete form is 
1 \ - v - x - /I n m 2 n + m ' 


5JC 


HR(N) 


2 p- 


EEE(l + ^ + ^ + —^) ( X n X mPlP-n-m-l + ^C-) 


n m l 
| n+m | > AT 


1 EEE( 

n m l 
\m+l\>N 


2 p_ 


l m 2 n + m 
+ —r + —;— 


nm . 


m +1 nl 


(m +Z) : 


7 ^ ( X n X mPlP—n—m—l T h.C.) 


(C.7) 
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We collect (IC.4H - dC.6l) to get 


[JhR(N)^HR(N)] — *( fc-HR(N) + + fifc-HR(N) H-- —^nP-nM^ ) = lit 

P ~ P - n^O U 


HR(N) J 


(C.8) 


where /C WH(JV) is the ordered generator without extra terms, 


P^HR(N) ~ r) \ ^R(N) 4 h- C - ) ) 


^r(n) — x Pr(n) + ^ X n X m L 


n + m 


(n) _ ST' ST' 

-n-m m 

n m^O 


X n MWP_ n _ r 


2 yi n lw m - 1 —n—m 


(C.9) 


and 


C W--/ 2 -/ + 7-^ £ 


n 


4 4 2 z —' z —' m~ 

|n|<AT 0<|m|<iV 
|n+m| < W 


(C.10) 


Here we emphasize that SIC Rn(Nj is obviously hermitian and does not contain any zero mode, x and 
p. Although 6K.hr(n)i which is ordered correctly in the Hermitian R-order, is dropped in the limit of 
N —>• oo, we must verify whether the commutators of it and other generators becomes consist of only 
terms dropped in the limit. 


C.2 Dangerous part in [J HR(N)1 JC HR(N) \ 

From the consideration in section 4, the structure of [J^hr(n)^hrin)] i n the Hermitian R-order is 

1<?hr(n)i ^hrin)] = ^(ordered classical) + i —(XPP-cubic) x Mq N) + x (const.) . (C.ll) 

P — P — 


The first term of (1C.Ill) corresponds to the part which is zero classically in the calculation without the 
regularization. Therefore it consists of the terms which are dropped in the limit of N —>• oo0 The 
second par@ is related to the choice of the ordering constant, Mg JV) — > Mq « a. The third part is the 
quantum effect term of the lowest degree. The anomalous part consists of the second and third parts. 

Here we calculate the anomalous part directly without considering the commutator with x unlike 
the case of the main text. Then we verify that there is no contribution to the anomalous part from 
the commutator of SIC RR ^ N) . 

Because of the lengthy results, we divide [Jhr<n)iPPhr(n)] into the commutators of each part of 
defined by (1C. 81) and then extract only the anomalous part, oc 


First, we consider 


i^HR(N) 1 HR(N)\ ~~ r, ([^HR(N)1 P'R(N)] ^.C .) 


(C.12) 


and then see the contribution to the anomalous partial 

Because the calculation of (IC.12D is lengthy, we divide J^r(n) into three hermitian parts in (1C.21) . We 

50 Because of the classical part, we do not have to mind the divergence. 

51 We can know the second part from the classical calculation as well as quantum one. 

52 In the calculation of (1C. 121) . to obtain the Hermitian R-ordered version of terms proportional to x~ —, we deform 
such terms by using x~ j- = \{x~ j- + j-) - 
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calculate the contribution from the commutator of the first part of J HR ^ N ) in detail. 

2 -X n M^P_ n _ m p 


[-X p, jc r(n) ] =-^- x n x m L^_ m p - ArY.Y. n + m 


m/0 


m/ 


+ ix — (-xL ( k i) — 


p.\2 

t V'V' Y V n * 

4 p 2 Z_^ n m -n-mP 


n + m XnM ^ p _ 

D_ z — J z —' m z 

n m/0 


(C.13) 


* , _ 1 1 
+ - [x -1- x 

2 p_ p_ 


\r (N) - A (JV) 
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1 /I 


2pi V2 


hL<r - ji-hh 


From this, we obtain 


\ ([“* P^r(n)} - h.c.) ~ i (^r(^T - AS) - h.c, 


. p 


4p_ 


,2 ’ 


(C.14) 


where indicates extracting of the contribution to the anomalous part, oc z/. 

Similarly, the contributions of other parts are calculated. The contribution from the commutator of 
the second part of J RR ( N ) is 


1 r r W | a P k — 

x -^o ' 1 2p ’ ^R(,N) 


— h.c. 


2 V L 2p_ 

The contribution from the commutator of the third part of J' l 


~ — z- 


■ P 


2 p_ 


(C.15) 


HR(N) 


IS 


AS 

P- 


, 1C 


R(N) 


— h.c. I ~ 




p^ n 

n^O 


2 ^ ^ m 2 I p 2 ’(C.16) 

\n\<N 0<\m\<N / r ~ 

\n-\-m\ <N 


where we added the contribution from the term arisen when we move A/g JV) to the right end. 
We collect (|C.14j) - (|C.16|) to obtain 


2 i 


[J(N)^N)] ~ ^ 2 " ^2 ^2 M n N) P-n M o N) + * (^N 2 + jN - - + - ^ ^ 

n^O \ 


|n|<AT 0<|ra|<iV 
|n+m| <N 


n \ p 

m 2 ) p 2 _ 
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pi “—' n- 

Next the commutator of ^1EL j s 

p- 


P_ 

p 2 - ■ 


J, 


C, 


(JV) 


HR(N )) 


P~ 


c , 


-X p, 


(JV) 


P_ J 


= iC, 


P 

(JV) 2 ‘ 

Pi 


(C.17) 


(C.18) 


This is canceled by (1C. 171) . 

Next we consider the contribution from the commutator with SX RR ^ to the anomalous part. 
Because of the extra restriction on the range of the summation in (1C.71) . SIC RR ( N) does not contain any 
zero mode. Therefore the contribution to z/ comes from the commutators of terms with p in J R r(n) 

and 6JC^ N y 

The terms with p in CT^r(n) are 


Jhr ( n)\p = ~x p- —xpp + 



(C.19) 
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Then we obtain 


3.HR(N)1 SK- 


HR(N) 


3HR(N) Ipi ^K-'HR(N) 



5K 


HR(N) 


P 


= i5IC 


HR(N) 


P_ 

P- 


(C.20) 


This is dropped in the limit of N —>• oo and has no contribution to the anomalous part. 

Finally the commutator of the rest term in /C - of ([C.8D is again the term with Mq JV) at the right 
end because Mq ,V) commutes with all regularized generators. 


J, 


HR(N)1 


2i 

P- 


V -X n P- n M™ 
n 

n^O 



(C.21) 


All the terms with Mq N) at the right end in [i7 HR(N) , X Hli(N) ] vanishes if and only if we choose a = oF^l 
Thus the anomalous part in [Jhrcn): ^hr(n)] vanishes if and only if a = 0. 


C.3 The rest commutators with IC HR(N) 

Here we consider the rest of commutators with and other generators. We can easily verify that 

most of them give the expected results even for finite N, 


\P—HR(N)i ^HR(N)\ ~ —i{PHR(N) + •JhR^N)) j [PhR(N) j ^HH(JV)] = ^HR(N) ) \P+HR(N) ) ^HR(N)] = 0 
V?HR(N)1 fc-HR(N)] ~ i'K'HR(N) i \3HR(N) i K-H H(AT)] = ~^HR(N) (C.22) 

[DhR(N)i X-HR(N)\ = —’i'K'HR(N) ) [K'HR(N)’ K'HR(N)] = 


Although the rest commutator which should be calculated, [/C HR(N) , /C RR(JV) \, is complicated, the calcu¬ 
lation of this is parallel to that of [Jhr(n)i^~hr(n)\- It consists of the classical ordered part, the terms 
with Mq N) at the right end and the term proportional to such as (1C.lip . The commutator of 
51Chr(n) does not contribute to the anomalous part in the same way as the last subsection. Therefore 
we get K-hr(n)} 0 i n the limit of N —>• oo and a = 0. 


Thus we obtain the set of commutators which give the expected result for the spacetime conformal 
symmetry in the limit of N —>• oo. 
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